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Objective:
On completion of the subject, the student will be able to do:

1. Compute the force, moment & their application through solving of simple problems on
coplanar forces.

2. Understand the concept of equilibrium of ngid bodies

3. Know the existence of friction & its applications through solution of problems on above
4 Locate the C.G. & find M| of dfferent geometrical figures

5. Know the application of simpie lifting machines.

6. Understand the principles of dynamics.

Topic wise distribution of periods

Serial no Topics

01 Fundamentals of Engineering Mechanics
02 Equilibrium

03 Frction

Centroid & Moment of Inertia

Simple Machines

Dynamics

Total

1. FUNDAMENTALS OF ENGINEERING MECHANICS

1.1 Fundamentals

Definitons of Mechanics, Statics, Dynamics, Rigid Bodies,

1.2 Force

Force System

Definition, Ciassification of force system according to plane & line of action. Characteristics of
Force & effect of Force. Principles of Transmissibility &Principles of Superposition. Action &




Reaction Forces & concept of Free Body Diagram,

1.3 Resolution of a Force

Definiion, Method of Resolution, Types of Component forces, Perpendicular components &
non-perpendicular components

1.4 Compasition of Forces.
Definmon, Resultant Force, Method of composition of forces, such as

1.4.1 Analytical Method such as Law of Parallelogram of forces & method of resolution

1.4.2. Graphical Method

Introduction, Space diagram, Vector diagram, Polygon law of forces

1.4.3 Resultant of concurrent, non-concurrent & parallel force system by Analytical& Graphical
Method.

1.5 Moment of Force

Deliniion, Geometrical meaning of moment of a force, measurement of moment of a force & its
S.1 units. Classification of moments according 1o direction of rotation, sign convention, Law of
moments, Varignon's Theorem,

Couple - Definition, S.1. units, measurement of couple, properties of couple.

2. EQUILIBRIUM

2.1 Definition, condition of equilibrium, Analytical & Graphical conditions ol equilibrium for
concurrent, non-concurrent & Free Body Diagram.

2.2 Lamia's Theorem ~ Statement, Application for solving various engineering problems.

3. FRICTION

3.1 Definition of friction, Frictional forces, Limiting frictional force, Coefficient of Friction. Angle of
Friction & Repose, Laws of Friction, Advantages & Disadvantages of Friction

3.2 Equilibrium of bodies on level plane - Force appliec on horizontal & inclined plane{up
&down).

3.3 Ladder, Wecge Friction.

4. CENTROID & MOMENT OF INERTIA

4.1 Centroic — Definition, Moment of an area about an axis, centroic of geometrical figures such
as squares, rectangles, triangies, circles, semicircles & quaner circles, centroid ol composite
hgures

4.2 Moment of Inertia — Delinition, Parallel axis & Perpendicular axis Theorems. M., of plane
lamina & different engineering sections

5. SIMPLE MACHINES

5.1 Definition of simple machine, velocity ratio of simple and compound gear train, explain
simpie & compound lfting machine, define M.A, V.R & Efficiency8 State the relation between
them, State Law of Machine, Reversibility of Machine, Self Locking Machine

5.2 Study of simple machines - simple axle & wheel, single purchase crab winch & double
purchase crab winch, Worm & Worm Wheel, Screw Jack.

5.3 Types of hoisting machine like derricks etc, Their use and working principle. No problems.
6. DYNAMICS

6.1 Kinematics & Kinetics, Principles of Dynamics, Newton's Laws of Motion, Motion of Particle
acted upon by a constant force, Equations of motion, DeAlembert's Principle

6.2 Work, Power, Energy & its Engineering Applications, Kinetic & Potential energy& its

applicaton.
6.3 Momentum & impulse, conservaton of energy & linear momentum, collision of elastic
bodies, and Coeflicient of Restitution.

Books Recommended
- Engineering Mechanics — by A.R. Basu (TMH Publication Delhi)
- Engineering Machines — Basudev Bhattacharya (Oxford University Press).
- Text Book of Engineering Mechanics — R.S Khurmi (S. Chanc).
- Applied Mechanics & Strength of Material — By |.B. Prasac.
. Engineering Mechanics — By Timosheenko, Young & Rao.
. Engineering Mechanics — Beer & Johnson (TMH Publication).




CHAPTER 1:
FUNDAMENTALS OF ENGINEERING MECHANICS

LEARNING OUTCOMES:

On completion of the subject, the student will be able to:
Define and classily Mechanics
Define and classify the forces and its system
Compute the force and apply it for solving problems on coplanar forces
Understand and apply resolution of forces
Understand composition of forces and apply it to solve problems
Understand Moment of force, Vangnon's theorem with applications, couple

1.1 FUNDAMENTALS
ENGINEERING MECHANICS

Mechanics Is that branch of physical science which deals with the action of lorces on material
bodies. Engineering Mechanics, which is very often referred 1o as Applied Mechanics, deals
with the practical applications of mechanics in the field of engineering. Applications of
Engineering Mechanics are found in analysis of forces in the components of roof truss, bridge
truss, machine parts, parts of heat engines, rocket engineering, aircraft design etc

DIVISIONS OF ENGINEERING MECHANICS
The subject of Engineenng Mechanics may be divided into the following two main groups:
1. Statics and 2. Dynamics

STATICS
It is the branch of Engineering Mechanics, which deals with the forces and their effects, while
acting upon the bodies at rest

DYNAMICS
It is the branch of Engineering Mechanics, which deals with the forces and their effects, while
acting upon the bodies in motion. Dynamics may be lurther sub-divided into the following two
branches.

1. Kinematics

2 Kinetics
Kinetic deals with the forces acting on moving bodies, whereas kinematics deals with the motion
of the bodies without any reference to forces responsible for the motion

FUNDAMENTAL UNITS
Every quantity is measured in terms of some internationally accepted units, called fundamental
units
Al the physical quantities in Engineering Mechanics are expressed in terms of three
fundamental quantities, i.e.

1. Length 2. Mass and 3. Time




DERIVED UNITS

Sometimes, the umts are also expressed in other units (which are derived from
fundamentaunits) known as derived units e.g. units of area, velocity, acceleration, pressure etc.

SYSTEMS OF UNITS
There are only four systems of units, which are commonly used and universally recognized
These are known as:
1. CGS unts2. FPS units3. MK S, units and 4. S.1. units
In this study matenial we sha'l use only the S | system of units.

FUNDAMENTAL S.| UNITS

QUANTITIES

FUNDAMENTAL UNIT

Length
Mass
Time
Electnc current
Luminous intensity
Thermodynamic temperature

Meter
Kilogram
Second
Ampere
Candela

Kelvin

SOME S.| DERIVED UNITS

QUANTITIES |
Force
Moment
Work done
Powet
Velocry
Pressuro

. DERIVED UNIT

Newton
Newlon-meder
Joule
Watt
Motet per second

Pascal or Newton peor square

meler

MASS AND WEIGHT

Mass of a body is the total quantity of matter contained in the body
Weight of a body is the force with which the body is attracted towards the centre of the earth

DIFFERENCE BETWEEN MASS AND WEIGHT

MASS

WEIGHT

Mass is the total quantity of matter

contained in a body

Mass is a scalar quantity, because i
has only magnitude and no direcbon
Mass of a body remains the same at all
places. Mass of a body will be the same
whether the body is taken 10 the centre
of the earth or to the moon

Mass resists motion in a body

Mass can be measured by an ordinary
balance

. Mass of a body can never be zero.

Weight of a body is the force with which
the body is attiracted towards the centre
of the earth

Weight is a vector quantity, because
has both magniude and direction
Weight of body vares from place to
place due to varation of g (ie,
acceleration due to grawvity

Weight produces motion in a body

t can be measured by a spring
balance

. Weight of a body can be zero.




RIGID BODY AND ELASTIC BODY

A body is said to be rigid if it does not undergo deformation whatever lorce may be applied to
the body. In actual practice, there is no body which can be said to be rgid in true sense of
terms

A body is said to be elastic if it undergoes deformation under the action of force. All bodies are
more or less elastic.

SCALAR AND VECTOR

All physical quantities can be divided into scalar quantity and vector quantity, Scalar quantity is
that physical quantity which has only magnitude and no direction. For example, length, mass,
energy etc.Vector quantity is that physical quantity which has both magnitude and direction. For
example, force, velocity etc.

1.2 FORCE

FORCE SYSTEM

Force is that which changes or tends to change the state of rest of uniform motion of a body
along a straight line. It may also deform a body changing its dimensions.The force may be
broadly defined as an agent which produces or tends to produce, destroys or tends to destroy
motion Ithas a magnitude and direction

Mathematically:

Force=Massx Acceleration
Where F=lorce, M=mass and A=acceleration

UNITS OF FORCE
In C.GS. System: In this system, there are two units of force: (1) Dyne and (ii) Gram force
(gmf). Dyne is the absolute unit of force in the C.G.S. system. One dyne is that force which
acting on a mass of one gram produces in it anacceleration ofone centimeter per second”
In M.K.S. System: In this system, unit of force is kilogram force (kgf). One kilogram force is that
force which acting on a mass of one kilogram produces in it an acceleration of 9.81 m/ sec’.
In S.1. Unit: In this system, unit of force is Newton (N). One Newton is that force which acting on
amass of one kilogram produces in it an acceleration of one m /sec’.

1 Newton = 10° Dyne.

EFFECT OF FORCE
A force may produce the following effects in a body, on which it acts:

1. It may change the motion of a body. /.e. if a body is at rest, the force may set it in
motion.And if the body is already in motion, the force may accelerate or decelerate it
2. It may retard the forces, already acting on a body, thus bringing it to rest or in
equilibrium
. It may give nise to the intemal stresses in the body, on which it acts
. Aforce can change the direction of a8 moving object

. Aforce can change the shape and size of an object




CHARACTERISTICS OF A FORCE
In order to determine the effects ol a force, acting on a body, we must know the
followingcharacteristics of a force

1. Magnitude of the force (1e., SO N, 30 N, 20N etc.)

2. The direction of the line, along which the force acts (i.e., along West, at 30° North of

East etc.). It is also known as line of action of the force.
3. Nature of the force (push or pull)
4. The point at which (or through which) the force acts on the body

PRINCIPLE OF PHYSICAL INDEPENDENCE OF FORCES
It states, “If a number of forces are simultaneously acting on a particle, then the resuitant of
these lorces will have the same effect as produced by all the forces”

SYSTEM OF FORCES
When two or more forces act on a body, they are called to form a system of forces Force

system is basically classified into following types.
i. Coplanar forces

i. Collinear forces

iii. Concurrent forces

iv. Coplanar concurrent forces

v. Coplanar non- concurrent forces

vi. Non-coplanar concurrent lorces

vii. Non- copianar non- concurrent lorce

COPLANAR FORCES: Theforces, whose lines of action lie on the same plane, are known as
coplanar forces

COLLINEAR FORCES:The forces, whose lines of action lie on the same line, are known
ascollinear forces. They act along the same line. Collinear forces may act in the opposite
directions or in the same direction

Fig1.1

CONCURRENT FORCES: The forces, whose lines of action pass through a comman point, are
known as concurrent forces. The concurrent forces may of may not be colinear

Coplanar forces
Concurtent forces

Fig. 1.2 Fig 13




COPLANAR CONCURRENT FORCES: The forces, whose lines of action lie in the same plane
and at the same time pass through a common point are known as coplanar concurrent forces
A 8

Fig14

COPLANAR NON-CONCURRENT FORCES: The forces, which do not meet at one point, but
their lines of action lie on the same plane, are known as coplanar non-concurrent forces.

|
|
|

Py

"

Coplanas non-
concument lorces

Fig15

NON-COPLANAR CONCURRENT FORCES: The forces, which meet at one point, but their
lines of action do not lie on the same plane, are known as non-coplanar concurrent forces.

AERSY

Norrcoplanar concurrent forces.

Fig 1.6

NON-COPLANAR NON-CONCURRENT FORCES: The forces, which do not meet at one point
and their lines of action do not lie on the same plane, are called non-coplanar non-concurrent
forces

PULL AND PUSH: Pull is the force applied to a body at its front end to move the body in the
direction of the force applied

Push is the force applied to a body at its back end in order to move the body in the direction of
the force applied




Fig 1.7 push and pull

ACTION AND REACTION: Action means active force. Reaction means reactive force. When a
body having a weight W (=mg) 1s placed on a horizontal plane as shown in Fig 1.8, the body
exerts a vertcally downward force equal to 'W or ‘'mg’ on the ptane. Then ‘W' is called action of
the body on the plane. According to Newton's 3° law of motion, every action has an equal and
opposite reaction. But action and reaction never act on the same body. So, the horizontal plane
will exert equal amount of force ‘R’ on the body in the vertically upward direction. This verically
upward force acting on the body is called reaction of the plane on the body.

Fig 1.8 Action and reaction
FREE BODY DIAGRAM:

The representation of reaction force on the body by removing all the suppont or forces act from
the body is called Iree body diagram

Object with support Free Body Diagram
Fig1.9




EXTERNAL FORCE AND INTERNAL FORCE: When a force is applied extemaly to a body,
that force is called external force

Internal force is that force which is set up in a body to resist deformation of the body caused by
the external force.

TENSION:Tension is the pull to which a rope or wire or rod is subjected. In figure 1.10 (b) P is
the tension appiied to a rope

Fig 1.10 Tension

Let a body having weight W be suspended by means of a vertical rope fixed at its upper end at
0. The point O is pulled downward by a force W. Hence the point O will exert equal amount of
force W to the body, in the upward direction. This upward force on the rope is the tension of the
rope. In Fig 1.10(a), T is the tension of the rope

REPRESENTATION OF A FORCE

Since force is a vector quantity, it can be represented by a straight line. The length of the line
represents magnitude of the force, the line itself represents the direction and an arrow put on
the head of the straight line indicates the sense in which the force acts.

DENOTING A FORCE BY BOW'S NOTATION

\
< F
Fig1.11

In Bow's notation for denoting a force, two English capital letters are placed, one on each side
of the line of action of the force. In figure 1.11 AB denotes the force F

PRINCIPLE OF TRANSMISSIBILITY OF FORCES

It states, “If a force acts at any point on a rigid body, it may also be considered 1o act at
anyother point on its line of action, provided this point is rigidly connected with the body."That
means the point of application of a force can be moved anywhere along its line of action without
changing the external reaction forces on a rigid body




\

S

i

Fig 1.12

Here force at point A = force at B (the magnitude of force in the body at any point along the
ine of action are same)

PRINCIPLE OF SUPERPOSITION OF FORCES: This principle states that the combined effect
of force system acting on a particie or a ngid body is the sum of effects of individual forces

Consider two forces P and Q acting at A on a boat as shown in Fig 1.13. Let R be the resultant
of these two forces P and Q. According 1o Newton's second law of motion, the boat will move in
the direction of resultant force R with acceleration proportional to R. The same motion can be

obtained when P and Q are applied simultaneously,
'l

-

1.3 RESOLUTION OF A FORCE

RESOLUTION OF A FORCE

The process of splitting up the given force into a number of components, without changing its
effect on the body is called resolution of a force. A force is, generally, resolved along two
mutually perpendicular directions




(From Pythagoras theorem we know that

b
Sm9=%> p= hsin@ similarly CoseT> b= hcosb)

By resolution of force F, we found
X=FCos8 and Y=F Sin@

RESOLUTION OF A GIVEN FORCE INTO TWO COMPONENTS IN TWO ASSIGNED
DIRECTION

Let P be the given force represented in magnitude and direction by OB as shown in Fig 1.15
Aiso let OX and OY be two given direction along which the components of P are to be found
out

Fig 1.15
Let<BOX=aand <BOY=§

From B, lines BA and BC are drawn parallel to OY and OX respectively. Then the required
components of the given force P along OX and QY are represented in magnitude and direction
by OA and OC respectively. Since AB is parallel to OC, <BAX =<AOC=a + B

<AOB=180°-(a+p)
Now, in A OAB

0OA = AB = 0B
Sin OBA _ SinAOB _ Sin OAB

OA _ AB _ 0B
'Sinf _ Sina _ Sin180°-(a+B)
0A AB P
SinB~ Sina  Sin(a + B)

0

N PSinp g PSina
T Sin@+p) M= Sn@+p)




ButAB=0C

PSino

= Sin (0+48)

DETERMINATION OF RESOLVED PARTS OF A FORCE

FCoso A

Fig 1.16

Resolved parts of a force mean components of the force along two mutually perpendicular
directions

Let aforce F represented in magnitude and direction by OC make an angle 8 with OX. Line OY
is drawn through O at right angles to OX as shown in figure 1.16.

Through C, lines CA and CB are drawn paralle! to QY and OX respectively. Then the resolved
parts of the force F along OX and QY are represented in magnitude and direction by OA and
OB respectively.

Now in the right angled A AOC,

cos8=0A/OC=0A/F 1eOA= FcosB

Since QA is paraliel to BC, <OCB = <AOC = 8

In the right angled A OBC, sinf=0B/OC=0B/Fie OB=F sinB

Thus, the resolved parts of F along OX and QY are respectively F cos 8 and Fsin®




SIGNIFICANCE OF THE RESOLVED PARTS OF A FORCE

| 3

|

f S0kN
Body g

c z_ii:os o0 D

A T B

Fig 1.17

Let 50 KN force is required to be applied to a body along a horizontal direction CD in order to
move the body along the plane AB. Then it can be said that to move the body along the same
plane AB, a force of SOkN is to be applied at an angle of 60° with the horzontal as CD = 50
c0s60° = 25kN

Similarty, if a force of 43.3kN is required 1o be applied to the body to lift it vertically upward, then
the body will be lifted vertically upward if a force of SOkN is applied 1o the body at an angle of

60° with the horizontal, as the resolved part of S0kN along the vertical CE = 50 sin60° = 43 3kN

Thus, the resolved part of a force in any direction represents the whole effect of the force in that
direction

1.4 RESULTANT AND COMPONENT

Resultant of two or more forces is a sing'e force whose effect on a body is the same as the
given forces taken together acting on the body. In figure 1.20, R is the resultant of forces P and
Q

5 A

Fig 1.18 Resultant and component




I R is the resuitant of two forces P and Q, it means forces P and Q can be replaced by R
Similarly, R can be replaced by two forces P and Q whose joint effect on a body will be the
same as R on the body. Then these two forces P and Q are called components of R

Or we can say:
If a number of forces, P, Q, R ... elc are acting simultaneously on a particle, then it is possible to
find out a single force which could replace them i.e., which would produce the same effect as

produced by all the given forces. This single force is called resultant force and the given forces
P, Q, R ...etc are called component forces.

EQUILIBRIANT

Equilibrant of a system of forces is a single force which will keep the given forces in equilibrium
Evidently, equilibrant is equa and opposite (o the resultant of the given forces

EQUAL FORCES

Two forces are said to be equal when acting on a particle along the same line but in opposite
directions, keeping the particie at rest

METHODS FOR FINDING THE RESULTANT FORCE
Though there are many methods for finding out the resultant force of a number of given lorces,
yet the following are important from the subject point of view

1. Analytical method. 2. Method of resolution

1.4.1 ANALYTICAL METHOD FOR RESULTANT FORCE
The resultant force, of a given system of forces, may be found out analytically by the following
methods

1. Parallelogram law of forces. 2. Method of resolution

PARALLELOGRAM LAW OF FORCES

This theorem states that if two forces acting at a point be represented in magnitude and
direction by the two adjacent sides of a parallelogram drawn from a point, then their resultant is
represented in magnitude and direction by the diagonal of the parailelogram passing through
that point

Explanation: Let forces P and Q acting at a point O be represented in magnitude and direction
by OA and OB respectively as shown in Fig 1.19 Then, according to the theorem of
paralle'ogram of forces, the diagonal OC drawn through O represents the resultant of P and Q
in magnitude and direction.




DETERMINATION OF THE RESULTANT OF TWO CONCURRENT FORCES WITH THE
HELP OF LAW OF PARALLELOGRAM OF FORCES

D

Fig 1.20
Consider, two forces ‘P and 'Q" acting at and away from point ‘A’ as shown in figure 1.20.

Let, the forces P and Q are represented by the two adjacent sides of a paralleiogram AD and
AB respectively as shown in fig. Let, 6 be the angle between the force P and Q and a be the
angle between R and P. Extend line AB and drop perpendicular from point C on the extended
line AB to meet at point E

Consider Right angle triangle ACE,

AC’ = AE? + CE*
= (AB + BE!" +CE’

= AB? + BE* + 2 AB BE + CE*
= AB’ +BE*+ CE°+2ABBE...............co.o....

Consider right angle triangle BCE,
BC® = BE* + CE* and BE = BC.Cos 8

Putting BC* = BE* + CE“in equation (1), we get
AC'=AB' +BC'+ 2ABBE...........coccovirren,

Putting BE = BC Cos 8 in equation (2)

AC*= AB*+BC’ + 2.AB. BC. Cos 6

But,AB=P,BC=QandAC=R

R=,P? 4 Q? 4 2PQcos b

In triangle ACE

(G
N0 = = AB + BE




But, CE=BC. Sin®

Qsin®

tma= m

Now let us consider two forcesF, and F; are represented by the two adjacent sides of a
parallelogram

i.e. Fy and F; = Forces whose resultant is required 10 be found out,

8 = Angle between the forces F, and F;, and

a = Angle which the resultant force makes with one of the forces (say F,)

Then resultant force

R=\F} +F: + 2FFcosb

And
F,anb
F,+F, cos8

If (a) is the angle which the resultant force makes with the other force F,, then
F, smb
F,+F co:8

tant =

tana=

CASES:

1.0 =0 ie, when the forces act along the same line, then
Rew=Fl + F2

2.118=90" ie,, when the lorces act at right angle, then

R=\F +F:

3.118=180° i e, when the forces act along the same straight line but in opposite
directions,then
Ruun: ’1 - ,'-.’
In this case, the resultant force will act in the direction of the greater force
4. Il the two forces are equal /e, when Fy, = F; = Fthen

R=\F® +F® +2F cos6 = 2F* (1 +cos8)

| . > | U
e 1+cosb=2cos =]

~

Example 1.1Two forces of 100 N and 150 N are acting simultaneously at a point. What
isthe resultant of these two forces, if the angle between them is 45°7?




Solution.(%:ven: First force (F) = 100 N; Second force (/) = 150 N and angle betweenF, and
F, (8) = 45°

R --JF,: + F) +2F F,co8

=\/‘lm': +(150)° +2x100%150 cos45° N

= /10000 + 22 500+ (30 000x0.707) N

= 232N  Ans,

Example 1.2Find the magnitude of the two forces, such that if they act at right angles,
theirresultant isy10 N. But if they Act at 60°, their resultant is V13N,

Solution: Given: Two forces = F, and F;.
First of all, consider the two forces acting at nght angles. We know that when the angle
betweenthe two given forces is 90°, then the resultant force (R)

io= K} +F;
0= F,: + F:: (Squanng both sides)
Similarty, when the angle between the two forces is 60°, then the resultant force (R)

Jl_i = \[F,: + F:: + 2F, F,cos 60°

13=F +F +2RF %05 (Squanng both sides)
F.F,=13-10=3 (Substituting £’ + F: =10)
We know that (F, + FF= ' + F{ + 2FF, =10+ 6=16
FE+F = \/l_b =4
Smiady  (F,-F) =F +F -2FF,=10-6=4
F-F=yi=2

Solving equations (1) and (17),
F,=3N ad F,=IN Ans

DIFFERENCE BETWEEN COMPONENTS AND RESOLVED PARTS

1. When a force is resolved into two parts along two mutually perpendicular directions, the parts
along those directions are called resolved parts. But when a force is spiit into two parnts a'ong
two assigned directions not at nght angles to each other, those parts are called components of

the force




2. All resolved pans are components, but all components are not resoived parns,

3. The resolved part of force in a given direction represents the who'e effect of the force in that
direction. But the component of a force in a given direction does not represent the whole effect
of the force in that direction

Note:The algebraic sum of the resolved parts of two concurrent forces along any
direction is equal to the resolved part of their resultant along the same direction.

ANALYTICAL METHOD OF DETERMINING THE RESULTANT OF ANY NUMBER OF
CO-PLANAR CONCURRENT FORCES

Let P, Q, T...... be a number of forces acting at a point O and let R be the required resultant of
the given forces

Fig 1.21

Through O, lines OX and OY are drawn at right angles to each other

Let forces P, Q, T,...... make angles a.f.y,...... with OX measured in the anticlockwise direction
as shown in Fig. Also, let 8 = angle made by the line of action of R with OX

Now, the resolved pants P, Q, T along OX are respectively Pcosa, Qcosf, Tcosy and along
OY are respectively Psina, Qsin, Tsiny

Let ZH =ZX = aigebraic sum of the resolved parts of the above forces along OX (horizontally)
LV = LY= algebraic sum of the resolved parts of the same forces along QY (vertically)
Then, IX =Pcosa+Qcosp+Tcosy.. .
LY =Psina+Qsinf+Tsiny
Now, the resolved parns of R along OX and OY are respectively Rcos8 and Rsin
IX = Rcos8, and LY = Rsin6




(EX)* + (LY)' = R%cos® + R'sin’®
= R'(c0s'0+ sin‘6)
=R’
R=(IX7+ (2Y)"

Rsme }:Y ( =
Rcose

From the above formula, 8 can be found out.

Note. When ZX is +ve, R wil lie either in between 8 = 0* to 80° or between 270° to 360"
When ZX is -ve, R will lie in between 90° to 270°
When ZY is +ve, R will lie in between 0 = 0° to 180°
When LY is -ve, R will lie in between 180° to 360°

Example1.3A particle is acted on by three forces 2, 2y2 and 1 kN. The first force is
horizontal and towards the right, the second acts at 45° to the horizontal and inclined
right upward, and the third is vertical. Determine the resultant of the given forces.

Solution, See Figure. Let R = required resultant of the given forces

Then, R= /(ZX)” + (IY)", where

LX = algebraic sum of the resolved part of the given forces along horizontal direction OX, and
LY = algebraic sum of the resolved parts of the given forces along vertical direction OY

Now, IX = 2 cos 0° + 2v2 cos 45° + 1 cos 90°

1
=242V2 x\,—2+ 0 = 4kN




LY = 2sin 0% + 2v2 sin 45° + 1 sin 90°

=0+ 2V2 xm+1 = 3N
V2

R=yv4 +3*=5kN

anf = == §=0.75 => 0 =tan" 0.75 = 36.9°

LX

Example1.4. To resolve the given force into two perpendicular co-ordinates.

Solution:

According to resolution of forces: Y ¢
We know that x=50xc0s30, x=50 x 0.866,x=43.30N  fig 1.23

y=50xsin30, y=50x-  y=25N

Example 1.5 A triangle ABC has its side AB = 40 mm along positive x-axis and sideBC =
30 mm along positive y-axis. Three forces of 40 N, 50 N and 30 N act along the sides AB,
BCand CA respectively. Determine magnitude of the resultant of such a system of forces.
Solution. The system of given forces is shown in Fig 1.24,




30 mm

{ A8 f‘

s Ic— 40 mm —»’
ON

» 40N
Fig 1.24

From the geometry of the figure, we find that the triangle ABC is a right-angled triangle, in which
side AC = 50 mm
Therefore

30
SinB=— =0.6
50

40
cosf= —=0.8
50

Resolving a!l the forces horizontally (i.e., along AB),
tH=40-30cos®

=40-(30x08)=16N

and now resolving all the forces vertically (i.e.. along BC)
3V=50-30sin6

=50~-(30x06)=32N

We know that magnitude of the resultant force,

R=J(XH) +(3V)'=V16"+32%= 358N Ans

Example 1.6A system of forces are acting at the corners of a rectangular block as shown
in Fig 1.25. Determine the magnitude and direction of the resultant force.

SO KN




Solution Given:

Let 6 = Angle which the resultant force makes with the horizontal
System of forces

Magnitude of the resultant force

Resolving forces honzontally,

JH=25-20=5kN

and now resolving the forces vertically

3V = (~50) + (-35) = -~ 85 kN

*» Magnitude of the resultant force

R=/(ZH) + (V)= [(5)"+(-85)" = 85,15 kN Ans

Since the side AB is along x-axis, and the side BC is along y-axis, therefore it is a right-angled
triangle

Now in triangle ABC,

AC =VAB”+ BC? = [40)" + (30)* =50 m
Direction of the resultant force
We know that

-85
=-17 or 6=866"

Since Y H is positive and 3V is negative, therefore resultant lies between 270° and 360°
Thusactual angle of the resultant force
= 360" - 86.6° = 273.4° Ans

Example 1.7.The foliowing forces act at a point

(i) 20 N inclined at 30* towards North of East,

(i) 25 N towards North,

(i) 30 N towards North West, and

(iv) 35 N inclined at 40° towards South of West

Find the magnitude and direction of the resuitant force

Solution.The system of given forces is shown in Fig 1.26
North

AN
A




Magnitude of the resultant force
Resolving a'l the forces horizontally /e, along East-West line,

LH =20 cos 30° + 25 cos 90° + 30 cos 135° + 35 cos 220° N
= (20 x 0.866) + (25 x 0) + 30 (- 0.707) + 35 (- 0.766) N
==307N ..()
and now resolving all the forces vertically /.e., along North-South line,
V=20 sin 30° + 25 sin 90° + 30 sin 135° + 35sin 220° N
=(20x05)+(25x10)+(30x0.707) +35(-06428) N
=337N..(0
We know that magnitude of the resultant force,
R=[(ZH)’ + (LV)? = J(=30.7)* + (33.7)' =456 N Ans.
Direction of the resultant force
Let 0 = Angle, which the resultant force makes with the East
We know that,
tan0 = IVIEH = 337/-307=-1098 or 6=477°
Since IHis negative and Z Vis positive, therefore resultant lies between 90* and 180°. Thus
actua angle of the resultant = 180° - 47.7° = 132.3" Ans.

Example 1.8Forces 3, 122 and 3ZkN act at a point towards the East, North-East, and
South-West respectively. Determine the resultant of the given forces.

Y

1eN

Fig. 1.27

Let
Y F,=algebraic sum of the resolved parts of the forces along X-axis, and
Y Fy=algebraic sum of the resolved parts of the forces along Y-axis
YF=3 cos0® + 12VZ cos 45° 3vZ cos 45°

=12kN
YFy=3sin 0°+ 12V2 sin 45° -3y2sin 45°
=9kN

R= J(zr,)z + (XF,) =15kN




Let,
R required resultant of the given forces making an angleawith x-axis
tana = %—:‘ =>a= 3690

“'e

1.4.2 GRAPHICAL METHOD
TRIANGLE LAW OF FORCES

It states, M two lorces acting simultaneously on a panicle be represented in magnitude and
direction by the two sides of a triangle, taken in order, their resultant may be represented in magnitude
and direction by the third side of the triangle, taken in opposite order.”

Explanation. Let two forces P and Q acting at O be such that they can be represented in
magnitude and direction by the sides AB and BC of the triangle ABC. Then, according to the
theorem of triang'e of forces, their resultant R will be represented in magnitude and direction by
AC which is the third side of the triangle ABC taken in the reverse order of CA

A

Fig. 1.28

In Fig.1.28 The paralielogram ABCD is completed with sides AB and BC of the triangle ABC
Side AD is equal and paraliel to BC. So, force Q is also represented in magnitude and direction
by AD. Now, the resultant of P (represented by AB) and Q (represented by AD) is represented
in magnitude and direction by the diagonal AC of the paralielogram ABCD. Thus, the resultant
of P and Q is represented in magnitude and direction by the third side AC of the triangle ABC
taken in the reverse order.

POLYGON LAW OF FORCES

It is an extension of Trangle Law of Forces for more than two forces, which states, ‘Il a
number of forces acting simultaneously on a particle, be represented in magnitude and
direction, by the sides of a polygon taken in order then the resultant of all these forces may be
represented, in magnitude and direction, by the closing side of the polygon, taken in opposite
order.”




Fig. 1.30

A force in the figure is represented by a vector of length 5 cm (scale 1 cm = 5 N) by drawing a
line paralle! to the given force and arrowhead incicates the direction of the force

Space diagram

Space diagram is that diagram which shows the forces in space. In a space diagram the actual
directions of forces are marked by straight lines with arrow put on their head to indicate the
sense in which the forces act. Following Fig. shows the space diagram of forces P,, P; P,

Fig. 1.31

Vector diagram is a diagram which is drawn according to some suitable sca'e 1o represent the
given forces in magnitude, direction and sense. The resultant of the given forces is represented
by the closing line of the diagram and its sense is from the starting point atowards the end point
d as shown in Fig 1.32




4 b
Vector Diogrom

Fig 1.32

Bow's notationis a method of designating forces in space diagram. According to this system of
notation, each force in space diagram is denoted by two capital letters, each being placed on
two sides of the line of action of the force. In Fig.1.32, forces P, P, and P, are denoted by AB,
BC and CD respectively. In the vector diagram, the corresponding forces are represented by ab,
bc and cd respectively. Bow's nolation is particularly suitable in graphical solution of systems of
forces which are in equilibrium

Example1.9A particle is acted upon by three forces equal to 50 N, 100 N and 130 N,
along the three sides of an equilateral triangle, taken in order. Find graphically the magnitude
and direction of the resultant force

Solution, The system of given lorces is shown in Fig. First of all, name the forces according to
Bow's notations as shown in Fig.1.33 a. The 50 Nlorces is named as AD, 100 N force as BD
and 130 N force as CD

ol : O
) ! »

> g o
130N

(a) Space diagram (b) Vector dragram




Now draw the vector diagram for the given system of forces as shown in Fig 1.33.(b) and as
discussed below :

1. Select some suitable point aand draw ab equal to 50 N to some suitable scale and parallel
to the 50 N force of the space diagram

2. Through b, draw beequal to 100 N to the scale and parallel to the 100 N force of the space
diagram

3. Similarty through ¢, draw cdequal to 130 N to the scale and parailel to the 130 N force of
the space diagram

4. Join ad, which gives the magnitude as well as direction of the resuitant force

5. By measurement, we find the magnitude of the resultant force is equal to 70 N and acting
at an angle of 200° with ab. Ans.

CLASSIFICATION OF PARALLEL FORCES

The parallel lorces may be, broadly, classified into the following two categories, depending upon
their directions.

1. Like parallel forces
2. uniike paralle! forces
LIKE PARALLEL FORCES

The forces, whose lines of action are paraliel 10 each other and all of them act in the same
direction as shown in Fig. 1.34 (a) are known as like paralie! forces

UNLIKE PARALLEL FORCES

The forces, whose lines of action are paralie! to each other and all of them do not act in the
same direction as shown in Fig.1.34 (b) are known as unlike paralie! forces

(@) Like parallel forces : :
; o oo doa (b) Unlike parallel forces




The magnitude and position of the resultant force, of a given system of parallel forces (like or
unlike) may be found out analytically or graphically

1.4.3 ANALYTICAL METHOD OF DETERMINATION OF THE RESULTANT OF A SYSTEM
OF LIKE AND UNLIKE PARALLEL FORCES

In this method, the sum of clockwise moments is equated with the sum of anticlockwise
momentsabout a point
ANALYTICAL METHOD OF DETERMINING THE POINT OF APPLICATION OF THE

RESULTANT OF A SYSTEM OF LIKE AND UNLIKE NON CONCURRENT PARALLEL
FORCES

We know that the algebraic sum of the moments of any number of co-planar forces (concurrent
or non-concurrent) about any point in their plane is equal to the moment of their resultant about
the same point. This principle is applied in determining the point of application of the resultant of
any number of paralle! forces

Let parailel forces P, T and S be acting at the points A, B and C respectively as shown in Fig
1.35

The resultant of the parallel forces is given by R= P+T-S

Let x = required distance of the point of applicaton of R from A
ie x=AD

Taking moments about A, we get

Rex=Sxl+Txl=0

R x XBSXL\ - Tx ly




Sxbp-Txly  Sxlp-Tx}

e R P+Q-8S

EXAMPLE 1.10A beam 3 m long weighing 400 N is suspended in a horizontal position by
two vertical strings, each of which can withstand a maximum tension of 350 N only. How
far a body of 200 N weight be placed on the beam, so that one of the strings may just
break ?
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Fig 1.36

Let x = Distance between the body of weight 200 N and support A

We know that one of the string (say A) will just break, when the tension will be 350 N. (Le., R,
= 350N)

Now taking clockwise and anticlockwise moments about B and equating the same,
350x3=200(3-x)+400x15

1 050 = 600 - 200 x + 600 = 1200 - 200 x

200 x=1200~ 1050 = 150

X= - 0.75m
200

Example 1.11. Two unlike parallel forces of magnitude 400 N and 100 N are acting in such
away that their lines of action are 150 mm apart. Determine the magnitude of the
resultant force andthe point at which it acts.

Solution. Given : The system of given force is shown in Fig

-
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Fig 1.37

Magnitude of the resultant florce
Since the given forces are unlike and parallel, therefore magnitude of the resultant force,
R = 400 - 100 = 300 N Ans.




Point where the resultant force acts

Let x = Distance between the lines of action of the resultant force and Ain mm
Now taking clockwise and anticlockwise moments about A and equating the same,
300 x x= 100 x 150 = 15 000

x = 15000/300 = 50mm ans,

GRAPHICAL METHOD FOR THE RESULTANT OF PARALLEL FORCES
Consider a number of parallel forces (say three ke parallel forces) P,, P, and Pywhoseresultant
i$ required to be found out as shown in Fig 1.38.a

¢

?l.!

(a) Space diagram (h) Vactor diagram

Fig 1.38

First of all, draw the space diagram of the given system ol forces and name them according to
Bow's notations as shown in Fig.1.38 (a). Now draw the vector diagram for the given forces as
shown in Fig.1.38 (b) and as discussed below
Select some suitable point a, and draw ab equal to the force AB (P,) and parallel to it lo
some suitable scale,
Similarly draw bc and cd equal to and parallel to the forces BC (P;) and CD (P,)
respectively,
Now take some convenient point 0 and joint 0a, ob, oc and od.
Select some point p, on the line of action of the force AB of the space diagram and
through it draw a line Lpparaliel 10 ao. Now through p draw pq paraliel to bo meeting the
line of action of the force BC at q.
Similarly draw qrand rM parallel to co and do respectively
Now extend Lp and Mr to meet at k. Through k, draw a line paraliel to ad, which gives
the required position of the resultant force,
The magnitude of the resultant force is given by ad to the scale.

. This method for the position of the resultant force may also be used for any system of
forces |.e. parallel, ike, unlike or even inclined




1.5 MOMENT OF A FORCE

It is the turning effect produced by a force, on the body, on which it acts. The moment of a force
is equal to the product of the force and the perpendicular distance of the point, about which the
moment is required and the line of action of the force.

Mathematically, moment,

MaPxl

where P = Force acting on the body,

andl = Perpendicular distance between the point, about which the moment is required and the
line of action of the force

Moment of a force about a point is the product of the force and the perpendicular distance of the
point from the line of action of the force

Fig 1.39

Let alorce P act on a body which is hinged at O

Then, moment of P about the point O in the body is = F x ON,

where :ON = perpendicular distance of O from the line of action of the lorce F
MOMENT OF A FORCE ABOUT AN AXIS

Let us consider a door leal hinged to a vertical wall by several hinges. Let us consider a vertical
axs XY passing through hinges as shown in Fig 1.40

Let a lorce F be applied to the door leal at nght angles to its plane and at a perpendicular
distance of /from the XY-axis. Then, moment of the force F about XY-axis = F x




UNIT OF MOMENT
Unit of moment depends upon unit of force and unit of length

If, however, force 1S measured in Newton and distance is measured in meter, the unit of moment
will be Newton meter (Nm). If force 1S measured in kilo Newton and distance is measured in
meter, unit of moment will be kilo Newton meter (kNm) and so on. Unit of moment is the same
as that of work. But work is completely different from moment

TYPES OF MOMENTS

Broadly speaking, the moments are of the following two types
1. Clockwise moments. 2. Anticlockwise moments

(@) Clockwise moments () Anticlockwise moments

Fig141

Clockwise moment is the moment of a force, whose effect is to turn or rotate the body, about
the point in the same direction in which hands of a clock move as shown in Fig. 1.41(a)




Anticlockwise moment is the moment of a lorce, whose elfect is to tumn or rotate the body,
about the point in the opposite direction in which the hands of a clock move as shown in Fig1 41
(b)

POSITIVE MOMENT AND NEGATIVE MOMENT

It is found that some moments acting on a body have a tendency 1o tum the body in the
clockwise direction and some other moments acting ‘on the same body have a tendency to tum
the body in the anti-clockwise or counter clockwise direction,
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Fig 142

In crder to distinguish tumning tendency in the clockwise direction from that in the anti-clockwise
direction, it has become necessary to treat moment in one direction as positive and moment in
the reverse direction as negative. Usually, anti-clockwise moment (s taken as positive moment
and clockwise moment I8 taken as negative moment. But there is no hard and fast rule
regarding sign convention of moments,

ALGEBRAIC SUM OF THE MOMENTS

With reference to Fig1.42, a bar AB is held in position on a pivot O under the action of four loads
W, W: W, and W,, whose lines of action are at perpendicular distances of /, &, &
lrespectively from O. Then, moment of about O = W, x /. This moment has a tendency to turn
the bar about O in a vertical plane in the clockwise direction. The moment due to W; about O =
W; x k. This moment also has a tendency to tum the bar AB in the clockwise direction in a
vertical plane about O.

The moment due 1o W, about O = Wk This moment has a tendency to turn the bar AB in the
anti-clockwise direction in a vertical plane about O. The moment due to W, about O = W, x |,
This moment also has a tendency to turn the bar AB in the anti-clockwise direction in the vertical
plane about O




Algebraic sum means summation considering proper signs of the physical quantities. Hence,
algebraic sum of the moments of W, W;, Wy, W, about O = W, x s + Wy x 1y =W, x|, =W, x|,

GEOMETRICAL REPRESENTATION OF THE MOMENT OF THE FORCE ABOUT A POINT

Fig 143

Let a force F represented in magnitude and direction by AB be acting on a body and let O be
any point in the plane of the force F as shown In Fig 1.43

From O, perpendicular OM is drawn on the line of action of F. Then, moment of F about

oarxouszxgr xOM=2x §As x OM = 2x Area of AAOB

Thus, the moment of a force about a point is represented by twice the area of the triangle
formed by joining the point to the extremities of the straight line which represents the lorce

VARIGNON'S THEOREM

Varignon's theorem stales that the algebraic sum of the moment, iwo forces about any point in
their plane is equal to the moment of the, resultant about the same point

Proof.

Case (i) When the lorces are concurrent




Let P and Q be any two forces acting at a point O along lines OX and OY respectively and let D
be any point in their plane as shown in Fig 1.44,

Line DC is drawn parallel to OX to meet OY at B. Let in some suitable scale, line OB represent
the force Q in magmitude and direction and let in the same scale, OA represent the force P in
magnitude and direction

With OA and OB as the adjacent sides, parallelogram OACB is completed and OC is joined. Let
R be the resultant of forces P and Q. Then, according to the “Theorem of parallielogram of
forces’, R is represented in magnitude and direction by the diagonal OC of the parallelogram
OACB.

The point D is joined with points O and A. The moments of P, Q and R about D are given by 2 x
area of AAOD, 2 x area of AOBD and 2 x area of AOCD respectively

With reference to Fig1.44(a), the point D is outside the <AOB and the moments of P, Q and R
about D are all anti-clockwise and hence these moments are treated as +ve.

Now, the algebraic sum of the moments of P and Q about
D = 2AA0D + 2408D
= 2 (AAQD + AOBD)
= 2 (AAOC + AOBD) {See note below]
= 2 (AOBC + AOBD)
= 280CD = Moment of R about D
[Note. As AOC and AQD are on the same base and have the same altitude. AAOD = AOBC. .
Again, As AOC and OBC have equal bases and equal altitudes. AAOC = AOBC]

With reference to Fig 1.44 (b), the point D is within the <AOB and the moments of P, Q and R
about D are respectively anti-clockwise, clockwise and anti-clockwise.

Now, the algebraic sum of the forces P and Q about

D = 2AAQD-2 AOBD = 2 (AAOD-AOBD)= 2 (AAOC- AOBD)=2(A0BC - AOBD)
= 2A00CD = Moment of R about D

Case (ii) : When the forces are parallel




Fig 145

Let P and Q be any two like parallel forces (i.e. the parallel forces whose lines of action are
paralle! and which act in the same sense) and O be any point in their plane.

Let R be the resultant of P and Q.
Then, R=P+Q

From O, line OACB is drawn perpendicular to the lines of acton of lorces P, Q and R
intersecting them at A, B and C respectively as shown in Fig 1.45

Now, algebraic sum of the moments of P and Q about O
=PxOA+Qx0B

=Px(0OC-AC) +Qx(OC + BC)

=Px0OC - PxAC+QxOC+Qx BC

ButPxAC=QxBC

Algebraic sum of the moments of P and Q about O

=PxOC+Qx0OC
=(P+Q)xOC=RxOC = Moment of R about O

In case of uniike parallel forces also it can be proved that the algebraic sum of the moments o
two unlike paraliel forces (i.e. the forces whose lines of action are parallel but which act in
reverse senses) about any point in their plane is equal to the moment of their resultant about the
same point

PRINCIPLE OF MOMENTS

1. If a system of co-planar forces (concurrent or non-concurrent) is in equilibrium, the algebraic
sum of the moments of those forces about any pont in thesr plane is zero, i.e , the sum of the
clockwse moments about any point in their plane is equal to the sum ol the anticlockwmise
moments about the same point.




2. The algebraic sum of the moments of any number of co-planar forces (concurrent or non-
concurrent) about a point lying on the line of action of their resultant is zero.

3. From 1 and 2 above, it can be concluded that if the algebraic sum of the moments of any
number of co-planar forces about any point in their plane is zero, either the forces are in
equiibrium or their resultant passes through that point

Example 1.12A force of 15 N is applied perpendicular to the edge of a door 0.8 m wide as
shown in Fig (a). Find the moment of the force about the hinge. If this force is applied at
an angle of 60° to the edge of the same door, as shown in Fig.1.47 (b), find the moment of
this force.

f—— 08 m—>
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Fig 1.46

Solution.Given : Force apphed (P) = *5 N and width of the door (I) = 0.8 m

Moment when the force acts perpendicular 10 the door

We know that the moment of the lorce about the hinge,

=Pxl=15x08=120N-m Ans,

Moment when the force acts at an angle of 60 1o the door

This pant of the example may be solved either by flinding out the perpendicular distance
betweenthe hinge anc the line of action of the force as shown in Fig 1.47(a) or by linding out the
verticalcomponent of the force as shown in Fig 1.47.(b)

ISN 15sin60° N
ISN
it 0§ M9 08m »

(_ ’_ l‘ﬂn 60" N

Fig 1.47

From the geometry of Fig.1.47(a), we find that the perpendicular distance between the line
ofaction of the force and hinge,

OC=C0Bsin60*=08 x0.866 =0693m

% Moment = 15 x 0.693 = 10.4 N-m Ans.

In the second case, we know that the vertical component of the force
=15sin60"=15x0866=130N

S Moment= 13 x08 =104 N-m Ans.

Note. Since distance between the horizontal component of force (15 cos 60°) and the hingeis
zero, therefore moment of horizontal component of the force about the hinge is also zero




Example 1.13A uniform plank ABC of weight 30 N and 2 m long Is supported at one end
Aand at a point B 1.4 m from A as shown in Fig. Find the maximum weight W, that can be

placed at C, so that the plank does not topple.
"
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Fig 1.48

Solution. Wexght of the plank ABC = 30 N; Length of the plank ABC = 2 m and distance
botween end A and a point B on the plank (AB) = 1 4 m

We know that weight of the plank (30 N) will act at its micpoint, as it is of uniform section

This point is at a distance of 1 m from A or 0.4 m from B as shown in the figure

We also know that il the plank s not to topple, then the reaction at A should be zero lor the
maximum weight at C

Now taking moments about B and equating the same,

Ox04=Wx06

W= 1206 = 20N ANS

EXAMPLE 1.14 A uniform wheel of 600 mm diameter, weighing 5 kN rests against a rigid

rectangular block of 150 mm height.

60U mm

l

Fig 1.49

Find the least pull, through the centre of the wheel, required just to turn the wheel over
thecorner A of the block. Also find the reaction on the block. Take all the surfaces to be
smooth,

Solution.Given : Diameter of wheel = 600 mm; Weight of wheel = 5 kN and height of the block
= 150 mm.

Least pull required just to turn the wheel over the comer

Let P = Least pull required just 10 turn the wheel in kN,

A little consideration will show that for the least pull, it must be applec normal 1o AO,




150 mm
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Fig 1.50

From the geometry of the figure, we find that

and, AB = \.'(300)5 = (150)* = 260 mm
Now taking moments about A an¢ equating the same,
Px300=5x260=1300
1300

P s=——z4 33 KN
300

Reaction on the block
Let, R = Reaction on the block in KN
Resolving the forces horzontally and equating the same

R cos30" = P sin30°
Psin30 433 x05

= z
cos30 0866

= 2.5 KN

The position of a resultant force may be found out by moments as discussed below:

1. First of all, find out the magnituce and direction of the resultant force by the method of
resolution as discussed earfier in chapler ‘Composition and Resolution of Forces'

2. Now equate the moment of the resultant force with the aigebraic sum of moments of the
given system of forces about any point. This may also be found out by equating the sum ol
clockwise moments and that of the anticlockwise moments about the point, through which the
resultant force will pass

EXAMPLE 1.15.Three forces of 2P, 3P and 4P act along the three sides of an equllateral
triangle of side 100 mm taken in order. Find the magnitude and position of the resultant
force.
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Fig 1.51

Magnitude of the resultant force
Resolving all the forces horizontally,

IH = 2P + 3P cos 120" + 4P cos 240"
a2P+3P(-0.5) +4P (- 0.5

u=15P .....()

and now resolving all the forces vertically
£V = 3P sin 60° - 4P sin 60°

= (3P x 0.866) - (4P x 0.866)

We know that magnitude of the resultant force

R=/(EH) + (ZV )hJ(-l.SP)‘ 4 (- 0.866 P)= 1.732P

Position of the resultant force

Let x = Perpendicular distance between B and the line of action of the resultantiorce.
Now taking moments of the resultant force about B anc equating the same,
1.732P x x =3P x 100 sin 60" = 3P x (100 x 0.866) = 2598 P

X= % = 150 mm (The moment of the force 2P and 4P about the point B will be zero, as
they passthrough it.)

COUPLE
A pair of two equal and unlike paraliel lorces (i.e. forces equal in magnituce, with lines of action
parallel 10 each other and acting in opposite directions) s known as a couple

As a matter of fact, a couple is unable 0 produceanytransiatory mobon (£e., motion in a straight
line) But it produces a motion of rotation in the body, onwhich it acts, The simplest exampie of a
couple is thelorces applied 10 the key of a lock, while locking oruniocking it

ARM OF A COUPLE: The perpencicular distance between the lines of action of the two equal
and opposie parallel forces, is known as arm of the couple.
'Y




MOMENT OF A COUPLE

The moment of a couple is the product of the force (i.e., one of the forces of the two equal and
opposite parallel forces) and the arm of the couple. Mathematically:
Moment of a couple =P x a
where P = Magnitude of the force, and a = Am of the couple.

CLASSIFICATION OF COUPLES The couples may be, broadly, classifiec into the following
two categones, depending upon their direction, in which the couple 1ends 10 rotate the body, on
which it acts: 1. Clockwise couple, and 2. Anticlockwise couple

CLOCKWISECOUPLE: A couple, whose tendency is to rotate the body, on which it acts, in a
clockwise cirection, is known as a clockwise couple as shown in Fig. 1.53 (a). Such a couple s
also callec positive couple

Ay

(a) Clockwise couple () Anticlockwise couple

Fig 1.53

ANTICLOCKWISE COUPLE: A couple, whose tendency is 10 rotate the bocy, on which it acts,
in an anticlockwise direction, is known as an anticlockwise couple as shown in Fig *.53(b). Such
a couple Is also callec a negative couple.

UNITS OF COUPLE:
The Sl unit of couple will be Newton-meter (brielly written as N-m). Similary, the units of couple
may also be kN-m (i.e. KN x m), N-mm (L e. N x mm) etc

CHARACTERISTICSOF A COUPLE: A couple (whether clockwise or anticlockwise) has the
lollowingcharactenshcs:

1. The algebraic sum of the forces, constituting the couple, is zero.

2. The algebraic sum of the moments of the forces, constituting the couple, about any point i
the same, and equal 10 the moment of the couple itself

3. A couple cannot be balanced by a single force. But it can be balanced only by a couple of
opposite sense.

4. Any no of coplanar couples can be reduced 1o a single couple, whose magnitude will be
equal to the algebraic sum of the moments of all the couples.




Short Questions & Answers.
Define Force & Write its Units.

Force is defined as an external agent which changes either the state of rest or
state of motion of a body.

It is denoted by F :

Mathematically, Where M = Mass of a body, a = acceleration due to
gravity.

Units : In S.1.. M.K.S = Kg x m/sec?> = Newton (N)
In C.G.S = gm x Cm/sec? = Dyne
[ IN = 105 dyne|
Define co-planar forces and concurrent forces.

Co-planer forces :

It is defined as lines of action of forces lie on the same plane, known as co-planer
force.

e.g : The lines of action of forces F1, F, and F, lie
on the same plane.

Hence these forces are called co-planar forces. VF,

Concurrent forces :

It is defined as lines of action of forces pass through the common point, known
as concurrent forces. E

e.g. : The lines of action of forces F,, F,, F,, F,

pass through the common point ‘o’. Hence
they are called con-current forces.

Q.3. State Principle of Trensmissibility of a force ?

Ans. The principle states that “The condition of equilibrium or motion of a regid
body will not be charged if a force acting on a body at a certain point is re-
placed by a force of same magnitide and same direction but applied at a
different point provided the two forces act along the same straight line .




Q.4. What do you mean by free body diagram ?

Ans. Free Body Diagram may be drawn for the single body or for a sub system or for
whose structure irrespective of whether the system is in equilibrium or not. All
the internal as well as external forces must be taken into consideration.

B

Whatdoyoum n by Resolution of a Force

The process of finding the components of a given force in two given directions
is called resolution.

A force is generally resolved along two mutually perpenticular direction.
Harizental Component = R Cos 0 Y
\ertical Cmpom{nt =RSinF

Resultant, R=  (REGYHY2 + (R Sin )2
RCos©

Direction, tan 6 =

> X

_ R Cos 0

Q.6. State Triangle Law of Forces.

Ans. Statement : “If two forces acting simultaneously on a body, be represented
in magnitude and direction by two sides of a triangle take in order their resultant
may be represented in magnitude and directin by the third of side of the tringle
taken in opposite order.”

C
Q
R
/ - Q
0 - - 0
T > L

R=p

:P+(§>




Q.10. Two forces are acting at an angle of 120°. The greater force is 40N and the result-
ant is acting at 90° to the smaller force. Find the magnitude of the smaller force ?

Ans. Here, 6=120°
B
o =90°

o = 1200 - 90° = 30°
P = 40N
Q="

Sotan o =

Q.sin 6
P+Q. cos 6

. Q.sin 120°
=tan30°= ——— Q=20N
40+Q. cos 1200

. The resultant of two eual forces acting at a point also equal to ‘P’. Determine
the angle between the two forces.

When the two forces ar equal and 0 is the angle between them.
We know, R :'\/P2+Q2 +2P.Qcos 0 (~R=P=Q)

= P=2P.cos® =[Q=1200
2

Define moment of a force and write its units.

Moment of a force about a point may be defined as the turning effect of the force
about that point.

Moment of the force is expressed as the product of the force and the perpendiculr
distance of the point, about which the moment is to be found.

Mathemeticall,

Where, F = Force acting on the body

L = Perpendicular distance between the point, about which the moment
IS to be found out.

Units: InSI =N-m orN-mm
InC.G.S =dyne-Cm

Q.13. State Varigon’s Theorem.

Ans. Statement - “The algebraic sum of moments of a number of co-planar forces
about any point in their plane is equal to the moment of their resultant about
the same point.”

+ When all the forces are concurrent.
+ When all the forces are parallel.




Q.14. Define Couple and Arm of Couple.

Ans.

Couple : A couple is defined as a pair of two equal and unlike parallel forces,
separated by a finite distance.

Arm couple : The perpendicular distance between the lines of action of the couple,
is called Arm of Couple.

The product of either force of the couple with the arms of the couple is called
Moment of Couple.

P
!

<

Where, P = magnitude of the force.
a =Arm of Couple.

. A rectangular PQRS has sides PQ = RS = 100mm and QR = 5P = 80mm. Forces

of 200N each act along PQ and RS and forces 150N each act along QR and SP.
Find out the resultant moment of the system of forces.

The force of 200N each will give rise< S 100mm
to a couple of moment. 200N

= 200 x 80
=16000 N-mm

>

=16N-m. 100mm Q200N
The forces of 150N each will give rise V150N
to a couple of moment = 150 x 100 = 15000 N-
=15N-m
Resultant moment of the system = 16 + 15 = 31 N-m
This will be an anti-clock wise moment.

LONG QUESTIONS :

Q.1
Q.2.
Q.3.

State and proves parallelogram law of force.

State and proves Varigon’s Theorem.

Three forces of 4P, 5P and 6P are acting along three edges of an equilateral
triangle of 100mm side taken in order.

Determine the magnitude and position of the resultant force. Ans:3.6P &
433.012mm.

o @—







CHAPTER 2: EQUILIBRIUM OF FORCES

LEARNING OUTCOMES:
On completion of the subject, the student will be able to:
* Understand the concept of equilibrium

* Understand and analyse the various analytical and graphical conditions required for
equilibrium

e Understand the concept of free body diagram

¢ Understand the concept of Lami's theorem

e Solve problems using free body diagram and Lami’s theorem.

2.1DEFINITION

A little consideration will show, that if the resultant of a number of forces, acting on a particle is
zero, the particle will be in equilibrium. Such a set of forces, whose resultant is zero, are called
equilibrium forces..

A body can be said to be in equilibriumwhen all the force acting on a body balance each other
or in other word there is no net force acting on the body.

Equilibrium of a body is a state in which all the forces acting on the body are balanced
(cancelled out), and the net force acting on the body is zero.

ie ZF=0
PRINCIPLES OF EQUILIBRIUM

1. Two force principle. As per this principle, if a body in equilibrium is acted upon by two forces,
then they must be equal, opposite and collinear.

2. Three force principle. As per this principle, if a body in equilibrium is acted upon by three
forces, then the resultant of any two forces must be equal, opposite and collinear with the third
force.

3. Four force principle. As per this principle, if a body in equilibrium is acted upon by four forces,
then the resultant of any two forces must be equal, opposite and collinear with the resultant of
the other two forces.

ANALYTICAL CONDITIONS OF EQUILIBRIUM OF A CO-PLANAR SYSTEM OF
CONCURRENT FORCES

We know that the resultant of a system of co-planar concurrent forces is given by

R =/(2X)? + (ZY)?, where IX (=ZH) = algebraic sum of the resolved parts of the forces along
a horizontal direction, and ZY (=ZV) = algebraic sum of the resolved parts of the forces along a
vertical direction

Or, R?= (IX)2 + (ZY)?



If the forces are in equilibrium, R = 0 =>0 = (£X)2 + (ZY)?

Sum of the squares of two quantities is zero when each quantity is separately equal to zero.
ie. ZX=0,ZY=0

Hence necessary and sufficient conditions of a system of, co-planar concurrent forces are:

1. The algebraic sum of the resolved parts of the forces in some assigned direction is equal to
zero, and

2. The algebraic sum of the resolved parts of the forces in a direction at right angles to the
assigned direction is equal to zero.

ANALYTICAL CONDITIONS OF EQUILIBRIUM OF A SYSTEM OF COPLANAR NON-
CONCURRENT FORCES

If R = resultant of a system of co-planar non-concurrent forces,

IX = algebraic sum of the resolved parts of those forces along any direction, and

ZY = algebraic sum of the resolved parts of those forces along a direction at right angles to the
previous direction.

Then, R=,/(ZX)2 + (ZY)?

R%=(ZX)% + (ZY)?
If the force system is in equilibrium, R = 0.
0=R%=(EX)2+ (2Y)?

ZX=0,ZY=0
(If sum of the squares of two digits is zero, then each digit is zero)

Thus, the necessary and sufficient conditions of equilibrium for a system of co-planar and non-

concurrent forces are:

(i) The algebraic sum of the resolved parts of the forces along any direction is equal to
zero (i.e.,.ZX=0),

(i) The algebraic sum of the resolved parts of the forces along a directional right angles to
the previous direction is equal to zero (i.e. Y = 0),and

(i)  The algebraic sum of the moments of the forces about any point intheir plane is equal to
zero (i.e. ZM = 0).

TYPES OF EQUILIBRIUM

(a) Stable (b) Unstable (¢) Neutral

Fig 2.1



Stable equilibrium

A body is said to be in stable equilibrium, if it returns back to its original position, after it is
slightly displaced from its position of rest. This happens when some additional force sets up due
to displacement and brings the body back to its original position.

Unstable equilibrium

A body is said to be in an unstable equilibrium, if it does not return back to its original position,
and heels farther away, after slightly displaced from its position of rest.

Neutral equilibrium

A body is said to be in a neutral equilibrium, if it occupies a new position (and remains at rest in
this position) after slightly displaced from its position of rest.

Free body: A body is said to be free body if it is isolated from all other connected members

FREE BODY DIAGRAM
Free body diagram of a body is the diagram drawn by showing all the external forces and
reactions on the body and by removing the contact surfaces.

Steps to be followed in drawing a free body diagram
a. Isolate the body from all other bodies.
b. Indicate the external forces on the free body. (The weight of the body should also be
included. It should be applied at the centre of gravity of the body)
c. The magnitude and direction of the known external forces should be mentioned.
d. The reactions exerted by the supports on the body should be clearly indicated.
e. Clearly mark the dimensions in the free body diagram.

Fig 2.2

A spherical ball is rested upon a surface as shown in figure 2.2 (a). By following the necessary
steps we can draw the free body diagram for this force system as shown in figure 2.2(b).
Similarly fig 2.3 (b) represents free body diagram for the the force system shown in figure 2.3(a).



w

Fig 2.3

METHOD OF EQUILIBRIUM OF COPLANAR FORCES The methods of finding out
equilibrium for concurrent and non-concurrent forces in a coplanar force system are:

¢ Analytical method
e Graphical method

ANALYTICAL METHOD:

The equilibrium of coplanar concurrent and non-concurrent forces can be studied analytically by
Lami’s theorem.

2.2 LAMI'S THEOREM

It states, “If three coplanar forces acting at a point be in equilibrium, then each force is
proportional to the sine of the angle between the other two." Mathematically,

P Q _ R
Sin < Sinf Siny

P \ _/Q

&
A

Fig 2.4

Where, P, Q, and Rare three forces and a, B, y are the angles as shown in Fig.
Proof:

Consider three coplanar forces P, Q, and R acting at a point O. Let the opposite angles to three
forces be a, B and y as shown in Fig.



Now let us complete the parallelogram OACB with OA and OB as adjacent sides as shown in
the figure. We know that the resultant of two forces P and Q will be given by the diagonal OC
both in magnitude and direction of the parallelogram OACB.

Since these forces are in equilibrium, therefore the resultant of the forces P and Q must be in
line with OD and equal to R, but in opposite direction

From the geometry of the figure, we find

D

Fig 2.5

BC=Pand AC=Q
~£AOC = (180° - B)
and LACO=+BOC=(180°-aq)
~£CAO = 180° - (AOC + £ACO)

=180° - [(180° - B) + (180° — a)]
=180°-180°+B-180°+a =a+ B -180°
But a+ B + y = 360°
Subtracting 180° from both sides of the above equation,
(a + B—180°) + y = 360° — 180° = 180°

or £CAO=180°-y

We know that in triangle AOC

0A _ _AC_____ OC
sin(£ACO) ~ sin(<AOC) sin(£CAO)
0A _ AC oc
sin(180%a) ~ sin(180° ) sin(180°))
P _Q R

sina  sing siny



Example 2.1: An electric light fixture weighting 15 N hangs from a point C, by two strings
AC and BC. The string AC is inclined at 60° to the horizontal and BC at 45° to the
horizontal as shown in Fig. Using Lami’'s theorem, or otherwise, determine the forces in
the strings AC and BC.

Fig 2.6

Solution.

Given:

Weightat C=15 N

Let TAC = Force in the string AC, and

TBC = Force in the string BC.

The system of forces is shown in Fig. From the geometry of the figure, we find that angle
between TAC and 15 N is 150° and angle between TBC and 15 N is 135°.

L ACB = 180° — (45° + 60°) = 75°, Applying Lami’s equation at C,

B A
15 = TAC = Tgc 7 750 Tm:
5in75°  sin135°  sin150° aC
15 T Vo 135° 150°
sin75° sin45°  sin30°
“ 155in45° 15 x 0.707
e B =1098N
sin75 0.9659 15N ,
Fig 2.7
_ASsind ISHOS o

BC ™ 5in75°  0.9659

Example 2.2: A string ABCD, attached to fixed points A and D has two equal weights of
1000 N attached to it at B and C. The weights rest with the portions AB and CD inclined at
angles as shown in Fig2.8 . Find the tensions in the portions AB, BC and CD of the string,
if the inclination of the portion BC with the vertical is 120°.



_ _1:’__

60°
120"
\ C/

1000 N
lﬂmN

Fig 2.8

Solution: Given : Load at B = Load at C = 1000 N For the sake of convenience, let us split up
the string ABCD into two parts. The system of forces at joints B and is shown in Fig.2.9 (a) and

(b).

1000 N

(a) Joint B (b) Joint C

Fig 2.9

Let
TAB = Tension in the portion AB of the string,
TBC = Tension in the portion BC of the string, and
TCD = Tension in the portion CD of the string.

Applying Lami’s equation at joint B,

Tp __Tpc _ 1000
sin60° sin150°  sin150°
T.s _ Ty _ 1000

sin60°  sin30°  sin30° ~.[* sin (180° - 6) = sin 6]
1000 sin60° _ 1000 x 0.866
, - = =173
Ty = D SNF _ SOIN Aina:

sin30°



Again applying Lami's equation at joint C,

Tee _ Tep 1000
sin 120° sin 120°  sin 120°
TCD =M=IMN Ans.
sin 120°

Example 2.3. A light string ABCDE whose extremity A is fixed, has weights W1 and W2
attached to it at B and C. It passes round a small smooth peg at D carrying a weight of
300 N at the free end E as shown in Fig 2.10 below. If in the equilibrium position, BC is
horizontal and AB and CD make 150° and 120° with BC, find (i) Tensions in the portion
AB, BC and CD of the string and (ii) Magnitudes of W,and W,

K

120° ‘ £

7. e
f 300 N
W

2
Fig 2.10

Solution: Given: Weight at E = 300 N For the sake of convenience, let us split up the string
ABCD into two parts. The system of forces at joints B and Cis shown in Fig (a) and (b).

D
4
150° 1200/ 300N
B c B ¢
Wl WZ
(a) Joint B (5) Joint C
Fig 2.11

(i Tensions is the portion AB, BC and CD of the string
Let TAB = Tension in the portion AB, and
TBC = Tension in the portion BC,
We know that tension in the portion CD of the string.
TCD = TDE = 300 N Ans.
Applying Lami’s equation at C,




Tpe _ W, _ 30
sin 150°  sin120°  sin 90°

Tge _ W, 300 - '
sin 30° sin 60° 1 ...[* sin (180° — 0) = sin 6]
T,=300s51n30°=300x05=150N Ans.

W, = 300 sin 60° = 300 x 0.866 =259.8 N
Again applying Lami’'s equation at B,
Tus __ Wi _ Ty
sin 90° sin 150° sin 120°

T W __ 150 [+ sin (180° — @) = sin 6]
1 sin30° sin 60°
150 150

T,p = = =1732N Ans.
AB "~ cin 60° 0.866

150sin 30° 150 % 0.5
W, = = =86.6N
" sin 60° 0.866

(i) Magnitudes of WA and W2

From the above calculations, we find that the magnitudes of W1 and W2 are 86.6 N and 259.8
N respectively.

Example 2.4 Two cylinders P and Q rest in a channel as shown in Fig 2.12. The cylinder P
has diameter of 100 mm and weighs 200 N, whereas the cylinder Q has diameter of 180
mm and weighs 500 N. If the bottom width of the box is 180 mm, with one side vertical
and the other inclined at 60°, determine the pressuresdat all the four points of contact.

Isﬂmm—l-| .
Fig 2.12

Soln.:Given : Diameter of cylinder P = 100 mm ; Weight of cylinder P=200 N ;

Diameter of cylinder Q = 180 mm ; Weight of cylinder Q = 500 N and width of channel = 180
mm.

First of all, consider the equilibrium of the cylinder P



200 N

{a) Free body diagram () Force diagram

Fig 2.13

From the geometry of the figure, we find that
ED= Radius of cylinder P = 100/2 =50 mm
BF = Rdius of cylinder Q = 180/2 = 90mm
<BCF = 60°
~.CF =BF cot 60° = 90x0.577 = 52 mm

FE = BG = 180 - (52+50) = 78 mm

AB = 50+90 = 140 mm

Cos ZABG = BG/AB = 78/140 = 0.5571

ZABG = 56.1°
Applying Lami’s theorem at A,
Ry _ Ry 200
sin(90°+56.1°)  sin90°  sin(180°-56.1°)
Ri Ry _ 200

c0s56.1° 1 sin56.1°
200c0556.1°  200%0.5571
R, = - = = 134.2N
sin56.1° 0.830
And e 29— 2408N
n = = = 1
2~ sin56.1°  0.8300

Example 2.5Three cylinders weighting 100 N each and of 80 mm diameter are placed in a
channel of 180 mm width as shown in Fig. Determine the pressure exerted by (i) the
cylinder A on B at the point of contact (ii) the cylinder B on the base and (iii) the cylinder
B on the wall.

Fig 2.14



Solution. Given: Weight of each cylinder = 100 N; Dia. of each cylinder = 80 mm and width of
channel = 180 mm
(i) Pressure exerted by the cylinder A on the cylinder B
Let R, = Pressure exerted by the cylinder Aon B. It is also equal to pressure exerted by the
cylinder Aon B.
First of all, consider the equilibrium of the cylinder A. It is in equilibrium under the action of the
following forces, which must pass through the centre of the cylinder as shown in Fig 2.15 (a).
1. Weight of the cylinder 100 N acting downwards.
2. Reaction R1 of the cylinder B on the cylinder A.
3. Reaction R2 of the cylinder C on the cylinder A.
Now join the centres O, Pand Q of the three cylinders. Bisect PQ at S and join OS as shown in

Fig 2.15 (b).

100N
(b) Force diagram

(a) Free body diagram

Fig 2.15

From the geometry of the triangle OPS, we find that
OP =40 + 40 = 80 mm

and PS=90-40=50mm
50

Z POS=38.7°

Since the triangle OSQ is similar to the triangle OPS, therefore £SOQ is also equal to 38.7°.
Thus the angle between R1 and R2 is 2 x 38.7° = 77.4°. And angle between R1 and OS (also
between R2 and OS). = 180° - 38.7° = 141.3°

The system of forces at O is shown in Fig (b).

Applying Lami’s equation at O,

R___R __ 10
sin 141.3° sin 141.3° sin 77.4°
R R, 100

sin 387° sin 3-3‘7° " sin 77.4° ...[* sin (180° - 0) = sin 0]
'& _ 100 X sin 38.7° _ 100 X 0.6252
sin 77.4° 0.9759
R,=R,=640N Ans.
(ii) Pressure exerted by the cylinder B on the base

=640N Ans.




Let R; = Pressure exerted by the cylinder B on the wall, and
R4 = Pressure exerted by the cylinder B on the base.
Now consider the equilibrium of the cylinder B. It is in equilibrium under the action of the
following forces, which must pass through the centre of the cylinder as shown in Fig 2.16 (a).

(R,=100) N

w
20
i

R, =64 N

(b) Force diagram

(a) Free body diagram

Fig 2.16

1. Weight of the cylinder 100 N acting downwards.

2. Reaction R2 equal to 64.0 N of the cylinder A on the cylinder B.

3. Reaction R3 of the cylinder B on the vertical side of the channel.

4. Reaction R4 of the cylinder B on the base of the channel.
A little consideration will show that weight of the cylinder B is acting downwards and the reaction
R4 is acting upwards. Moreover, their lines of action also coincide with each other. Therefore
net downward force will be equal to (R4 — 100) N. The system of forces is shown in Fig 2.16 (b).
Applying Lami’'s equation at P,

64 R, _ (R, —100)
sin 90° sin (180° — 38.7°) sin (90° + 38.7°)
64 Ry, R,-100

1 sin38.7° cos 38.7°
R,- 100 = 64 cos 38.7° = 64 x 0.7804 = SON

R4=50+100=150 N Ans.
(iii) Pressure exerted by the cylinder B on the wall. From the above Lami’s equation, we also
find that

R, =64 sin 38.7° = 64 x 0.6252 = 40 N Ans.
Note. Since the cylinders B and C are symmetrically placed, therefore pressures exerted by the
cylinder C on the wall as well as channel will be the same as those exerted by the cylinder B.

GRAPHICAL METHOD FOR THE EQUILIBRIUM OF COPLANAR FORCES
The equilibrium of coplanar forces may also be studied, graphically, by drawing the vector
diagram. This may also be done by studying the

-



1. Converse of the Law of Triangle of Forces.

2. Converse of the Law of Polygon of Forces.

CONVERSE OF THE LAW OF TRIANGLE OF FORCES

If three forces acting at a point be represented in magnitude and direction by the three sides a
triangle, taken in order, the forces shall be in equilibrium.

CONVERSE OF THE LAW OF POLYGON OF FORCES

If any number of forces acting at a point be represented in magnitude and direction by the sides
of a closed polygon, taken in order, the forces shall be in equilibrium.

Example 2.6 Five strings are tied at a point and are pulled in all directions, equally spaced from
one another. If the magnitude of the pulls on three consecutive strings is 50 N, 70 N and 60 N
respectively, find graphically the magnitude of the pulls on two other strings.

Solution. Given : Pulls =50 N ; 70 N and 60 N and angle between the forces = 360/5=72

Let P1 and P2 = Pulls in the two strings.

First of all, let us draw the space diagram for the given system of forces and name them
according to Bow's notations as shown in Fig(a)

s, 0
LRI 725
a0 ™ " B o 3 o |
> S 72
72w (o = SO T
™l v i
= @ =
—

S0 T

Pt
() Space diagram (5 Vector diagram

Fig 2.17
Now draw the vector diagram for the given forces as shown in Fig 2.17 (b) and as discussed
below :
1. Select some suitable point a and draw a horizontal line ab equal to 50 N to some suitable
scale representing the force AB.
2. Through b draw a line bc equal to 70 N to the scale and parallel to BC.
3. Similarly through ¢, draw cd equal to 60 N to the scale and parallel to CD.
4. Through d draw a line parallel to the force P1 of the space diagram.
5. Similarly through a draw a line parallel to the force P2 meeting the first line at e, thus closing
the polygon abcde, which means that the point is in equilibrium.
6. By measurement, we find that the forces P1 =57.5 N and P2 = 72.5 N respectively. Ans
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CHAPTER 2: EQUILIBRIUM OF FORCES

LEARNING OUTCOMES:
On completion of the subject, the student will be able to:
Understand the concept of equilibrium
Understand and analyse the various analylical and graphical conditions required for
equilibrium
Understand the concept of free body diagram
Understand the concept of Lami's thecrem
Solve problems using free body diagram and Lami's theorem.

2. 1DEFINITION

A little consideration will show, that if the resultant of a number of forces, acting on a particle is
zero, the particle will be in equilibrium. Such a set of forces, whose resultant is zero, are called
equilibrium forces..

A body can be said to be in equilibriumwhen all the force acting on a body balance each other
or in other word there is no net force acting on the body.

Equilibrium of a body is a state in which all the forces acting on the body are balanced
(cancelled out), and the net force acling on the body is zero.

e ZF=0
PRINCIPLES OF EQUILIBRIUM

1. Two force principle. As per this principle, if a body in equilibrium is acted upon by two forces,
then they must be equal, opposite and collinear,

2. Three force principle. As per this principle, if a body in equilibrium is acted upon by three
forces, then the resultant of any two forces must be equal, opposite and collinear with the third
force.

3, Four force principle. As per this principle, if a body in equilibrium is acted upon by four forces,
then the resultant of any two forces must be equal, opposite and collinear with the resultant of
the other two forces.

ANALYTICAL CONDITIONS OF EQUILIBRIUM OF A CO-PLANAR SYSTEM OF
CONCURRENT FORCES

We know that the resultant of a system of co-planar concurrent forces is given by

R =/(EX)? + (EY)?, where ZX (=ZH) = algebraic sum of the rescived parts of the forces along
a horzontal direction, and LY (=LV) = algebraic sum of the resolved parts of the forces along a
vertical direction

Or, R = (IX)? + (ZY)’




If the forces are in equilibrium, R = 0 =>0 = (EX)* + (EY)?

Sum of the squares of two quantities is zero when each quantity is separately equal to zero.
e EX=0,ZY=0

Hence necessary and sufficient conditions of a system of, co-planar concurrent forces are:

1. The algebraic sum of the resolved parts of the forces in some assigned direction is equal fo
Zero, and

2. The algebraic sum of the resolved parts of the forces in a direction at right angles to the
assigned direction is equal to zero.

ANALYTICAL CONDITIONS OF EQUILIBRIUM OF A SYSTEM OF COPLANAR NON-
CONCURRENT FORCES

If R = resultant of a system of co-planar non-concurrent forces,

LX = algebraic sum of the resclved parts of those forces along any direction, and

LY = algebraic sum of the resolved parts of those forces along a direction at right angles to the
previous direction.

Then, R=[(ZX)? + (ZY)

R? = (2X)% + (IY)?

If the force system is in equilibrium, R = 0.
0=R =(IX)? + (IY)*

ix=02Y=0
(If sum of the squares of two digits is zero, then each digit is zero)

Thus, the necessary and sufficient conditions of equilibrium for a system of co-planar and non-

concurrent forces are:

(i) The algebraic sum of the resolved parts of the forces along any direction is equal to
zero (e, 2X=0),

(i} The algebraic sum of the resolved pars of the forces along a directional right angles to
the previous direction is equal to zero (i.e. £Y = 0).and

(i) The algebraic sum of the moments of the forces about any point intheir plane is equal to
zero (ie IM = 0).

TYPES OF EQUILIBRIUM

() Siahle ih) Unstable i) Neutral




Stable equilibrium

A body is said to be in stable equilibrium, if it returns back to its onginal position, after it is
slightly displaced from its position of rest. This happens when some additional force sets up due
to displacement and brings the body back to its original position,

Unstable equilibrium

A body is said to be in an unstable equilibrium, if it does not return back to its original position,
and heels farther away, after slightly displaced from its position of rest.

Neutral equilibrium

A body is said to be in a neutral equilibnum, if it occupies a new position (and remains at rest in
this position) after slightly displaced from its position of rest.

Free body: A body is said to be free body if it is isolated from all other connected members

FREE BODY DIAGRAM
Free body diagram of a body Is the diagram drawn by showing all the extemal forces and
reactions on the body and by removing the contact surfaces.

Steps to be followed in drawing a free body diagram
. Isolate the body from all other bodies.
. Indicate the external forces on the free body. (The weight of the body should also be
included. It should be applied at the centre of gravity of the body)
The magnitude and direction of the known external forces should be mentioned.
. The reactions exerted by the supports on the body should be clearly indicated.

. Clearly mark the dimensions in the free body diagram.

Fig 2.2

A spherical ball is rested upon a surface as shown in figure 2.2 (a). By following the necessary
steps we can draw the free body diagram for this force system as shown in figure 2.2(b).
Similarly fig 2.3 (b) represents free body diagram for the the force system shown in figure 2.3(a).




(b)
Y

Fig 2.3

METHOD OF EQUILIBRIUM OF COPLANAR FORCES  The methods of finding out
equilibrium for concurrent and non-concurrent forces in a coplanar force system are:

« Analytical method
« Graphical method

ANALYTICAL METHOD:

The equilibrium of coplanar concurrent and non-concurrent forces can be studied analytically by
Lami’s theorem.

2.2 LAMI'S THEOREM

It states, “If three coplanar forces acting at a point be in equiibrium, then each force is
proportional to the sine of the angle between the other two.” Mathematically,

P Q R
Sin & Sinf  Siny

TR

Fig 24

Where, P. Q, and Rare three forces and a, B, y are the angles as shown in Fig.
Proof:

Consider three coplanar forces P, Q, and R acting at a point O, Let the opposite angles to three
forces be a, B and y as shown in Fig.




Mow let us complete the parallelogram QOACE with OA and OB as adjacent sides as shown in
the figure. We know that the resultant of two forces P and Q will be given by the diagonal OC
both in magnitude and direction of the parallelogram CACE.

Since these forces are in equilibrium, therefore the resultant of the forces P and Q must be in
line with OO0 and equal to R, but in opposite direction

From the geometry of the figure, we find

BC=FPand AC=Q
L ADC = (180° - B)
and fACO = +BOC= (180" = a)
£ CAQ =180° - (£AQC + £ACO)

= 180° = [{180° = B) + (180" = a)]
=180° -180°" +B-180"+a =a +p - 180°
But a+ g + y = 360°
Subtracting 180° from both sides of the above equation,
{a + B- 180°) + y = 360° - 180" = 180°
or #CAQ = 180" =y

We know that in triangle AQC

A _ AC - ac
sinf ALK - gin(. H{JE','I-sin[. CAL)
24 _ AC - oo
sin(180°—ea) o .*\;i:nl:]FtI'I'—ﬂ}-.ﬁ.'in[]RI'I'—?j
P _R

sineg sinff siny




Example 2.1: An electric light fixture weighting 15 N hangs from a point C, by two strings
AC and BC. The string AC is inclined at 60° to the horizontal and BC at 45° to the
harizontal as shown in Fig. Using Lami's theorem, or otherwise, determine the forces in
the strings AC and BC.

Solution.

Given:

Weightat C= 15N

Let TAC = Force inthe string AC, and

TBC = Force in the siring BC.

The system of forces is shown in Fig. From the geometry of the figure, we find that angle
betwean TAC and 15 N is 150° and angle between TBC and 15 N is 135°.

£ ACE = 180° - (45° + 60°) = 75°. Applying Lami’s equation at C,

B |

T,-..;- _ -rm' I_'l.. .,." q'.lrl:
s 135° s 150 N

Tl g
= 'rﬂ' - r&-i' I3 [/ 150

ands” s 30

15and5° 150707
To=——=———=109%N
' sin 75 09659

~15:m30°  15x05
Tge = =
Al N R

=T7TaN

Example 2.2: A string ABCD, attached to fixed points A and D has two equal weights of
1000 N attached to it at B and C. The weights rest with the portions AB and CD inclined at
angles as shown in Fig2.8 . Find the tensions in the portions AB, BC and CD of the string,
if the inclination of the portion BC with the vertical is 120°.




i
Y

1 (W0 B Y
LN B
Fig 2.8

c

Solution: Given . Load at B = Load at C = 1000 N For the sake of convenience, let us split up
the sfring ABCD into two parts. The system of forces at joints B and is shown in Fig.2.9 (a) and

(b).

Y
1000 N

{a) Jooni & (B} Jommd O

Fig2.9

Let
TAB = Tension in the portion AB of the string,

TBC = Tension in the portion BC of the string, and
TCD = Tension in the portion CD of the string.

Applying Lami’s equation at joint B8,

T _ T 1000

sin Bl sml30°  sin ] S0°

Te  Tec 1000

sinbl°  sin30°  sin30 [ sn (130° - 0) = sin ]
_ 1000 sin60° 1000 x 0.866
s 30 0.5
1000 sin 30°
 sin30

=17T32N Ans,

T

= 1000 Ans.




Again applying Lami's equation at joint C,

Ipc : 1000

sin 120 sin 120 sin 120

Tep =0 I _ 100N Ans
sin 120

Example 2.3. A light string ABCDE whose extremity A is fixed, has weights W1 and W2
attached to it at B and C. It passes round a small smooth peg at D carrying a weight of
300 N at the free end E as shown in Fig 2.10 below. If in the equilibrium position, BC is
horizontal and AB and CD make 150° and 120° with BC, find (i) Tensions in the portion
AB, BC and CD of the string and (ii) Magnitudes of W,and W

Fig 2.10

Solution: Given: Weight at £ = 300 N For the sake of convenience, let us split up the siring
ABCD into two parts. The system of forces at joints B and C is shown in Fig (&) and (b).

i)
L |

(@) Joint 8 () Joamt €
Fig 211

(f Tensfons is the portion AB, BC and CD of the string
Let TAB = Tension in the portion AB, and
TBC = Tension in the portion BC,
We know that tension in the portion CD of the string
TCD = TDE = 300 N Ans.
Applying Lami's equation at C,




Ty W, 300

sin 150°  sin 120  sin OOF

TF{'
sin turi, - [+ s (180° - 8) = s )

Tpe=3005in30° =300 x0.5= 150N Ans.
W =300uan6l® =300 «086k=2598N

Again applying Lami's equation at B,
T _ W Ty

sin 90°  wn 150°  sin 120°

Tw__W _ 150 + 5in (180° - 8) = sm H]
sin 30°  sin 60°
150 150
sin 607 0.366

Tg= =173.2N Ans.

_ 150sin 30° 150205
© sn 60 0366

W = 366N

(i) Magnitudes of W1 and W2

From the above calculations, we find that the magnitudes of W1 and W2 are 86.6 N and 239.8
M respechvely.

Example 2.4 Two cylinders P and Q rest in a channel as shown in Fig 2.12. The cylinder P
has diameter of 100 mm and weighs 200 N, whereas the cylinder Q has diameter of 180
mm and weighs 500 N. If the bottom width of the box is 180 mm, with one side vertical
and the other inclined at 60°, determine the pressures at all the four points of contact.

FRAP PR TARTrrF

-

Fig 2,12

Soln.:Given : Diameter of cylinder P = 100 mm ; Weight of cylinder P= 200 N ;

Diameter of cylinder Q = 180 mm ; Weight of cylinder @ = 500 N and width of channel = 180
mm,

First of all, consider the equilibrium of the cylinder




(b

i}
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(i § Free Body diGgErant

Fig 2.13

From the geometry of the figure, we find that
ED= Radius of cylinder P = 100/2 =50 mm
BF = Rdius of cylinder Q = 180/2 = 30mm
<BCF = 60°
~.CF =BF cot 60° = 90=0.577 = 52 mm

FE =BG = 180 - (52+50) = 78 mm

AB = 50+90 = 140 mm

Cos ~ABG = BG/AB = 78/140 = 0.5571
ZABG = 56.1°

Applying Lami's theorem at A,
Ry _ Ry _ 200

sin(90°+56.1%)  sin90°  sin{180°=56.1%)

Ri  _ R _ 200
cos561° 1 gin56.1°

200ens56.1" 200x0.5571
Ry =— = : =1342N
Sms6.1 0.B30
200 200
And Ry == - = = 240 8N
sin&6.1 08300

M M

[#4) Foroe diag@ranm

Example 2.5Three cylinders weighting 100 N each and of 80 mm diameter are placed in a
channel of 180 mm width as shown in Fig. Determine the pressure exerted by (i) the
cylinder A on B at the point of contact (i) the cylinder B on the base and (iii) the cylinder

B on the wall.

L W, W, T W W W, .
+

Rk

L

-

p— 180 mm ——»|

Fig 2.14




Solution. Given: Weight of each cylinder = 100 N; Dia. of each cylinder = 80 mm and width of
channel = 180 mm
() Pressure exerted by the cylinder A on the cylinder B
Let R, = Pressure exerted by the cylinder Aon B. It is also equal to pressure exerted by the
cylinder Aon B.
First of all, consider the equilibrium of the cylinder A. It is in equilibrium under the action of the
following forces, which must pass through the centre of the cylinder as shown in Fig 2.13 (a).
1. Weight of the cylinder 100 N acting downwards.
2. Reaction A1 of the cylinder B on the cylinder A.
3. Reaction A2 of the cylinder C on the cylinder A.
Mow join the cenftres O, F and () of the three cylinders. Bisect PG at 5 and join O5 as shown in
Fig 2.15 (b).

L0

{7} Force diagram

(&) Free body duagram

Fig 2.15

From the geometry of the triangle OPS, we find that
OP =40 + 40 = 80 mm
and PS =9L‘I—4L‘I_= 50 mm

L PO =387

Since the tnangle O5Q 1s similar to the triangle OFS, therefore £50Q is also equal to 38.7°.
Thus the angle between R1 and R2 is 2 = 38.7" = 77.4". And angle between R1 and Q5 (also
between R2 and O5). = 180° = 38.7° = 141.3°
The system of forces at O is shown in Fig (b).
Applying Lami’s equation at O,

R R. 100

sin 141.3°%  5in 1413 sip 77.4°

K R, 100 .
sin 387° sin 387°  sin 77.4° 1 an (18 - U) = 0 9]

100 x sin 33.7° _ 100 = 0.6252
sin 774° 09759
R,=R,=640N Ans.
(i) Pressure exerted by the cylinder B on the base

=d0N  Ans

R, =




Let R, = Pressure exgrted by the cylinder B on the wall, and
Ra = Pressure exerted by the cylinder B on the base.
Mow consider the equilibrium of the cylinder B. It is in equilibrium under the action of the
following forces, which must pass through the centre of the cylinder as shown in Fig 2,16 (a),

(R, -.!IHH N

===q . 10
, »
1 d R, = 64N

K, (&) Force dsagram

(@) Free body disgram

Fig 2.16

1. Weight of the cylinder 100 N acting downwards.

2. Reaction R2 equal to 64.0 N of the cylinder A on the cylinder B,

3. Reaction R3 of the cylinder B on the vertical side of the channel.

4. Reaction R4 of the cylinder B on the base of the channel
A little consideration will show that weight of the cylinder B is acting downwards and the reaction
R4 is acting upwards. Moreaver, their lines of action also coincide with each other. Therefore
net downward force will be equal to (R = 100) N. The system of forces is shown in Fig 2.16 (b).
Applying Lami's equation at P,

o4 R, (R, - 100)

sin 90°  sin (180° - 38.7°)  sin (90° + 33.7°)

64 R, R, -100

1 sn387 cos BT
R,- 100 =64 cos 38.7° = 64 x 07304 = 50N

Rs=50+100= 150 N Ans.
{ili) Pressure exerted by the cylinder B on the wall. From the above Lami's equation, we also
find that

R =64 5in 38.7° =64 = 06252 =40 N Ans.
Note. Since the cylinders B and C are symmetrically placed, therefore pressures exerted by the
cylinder C on the wall as well as channel will be the same as those exerted by the cylinder 8.

GRAPHICAL METHOD FOR THE EQUILIBRIUM OF COPLANAR FORCES

The equilibrium of coplanar forces may also be studied, graphically, by drawing the vector
diagram. This may also be done by studying the




1. Converse of the Law of Trangle of Forces.

2. Converse of the Law of Polygon of Forces.

CONVERSE OF THE LAW OF TRIANGLE OF FORCES

If three forces acting at a point be represented in magnitude and direction by the three sides a
triangle, taken in order, the forces shall be in equilibrium

CONVERSE OF THE LAW OF POLYGON OF FORCES

if any number of forces acting at a point be represented in magnitude and direction by the sides
of a closed polygon, taken in order, the forces shall be in equilibrium.

Example 2.6 Five strings are tied at a point and are pulled in all directions, equally spaced from
one another, If the magnitude of the pulls on three consecutive strings is 50 N, 70 N and 60 N
respectively, find graphically the magnitude of the pulls on two other strings.

Solution. Given : Pulls = 50 N ; 70 N and 60 N and angle between the forces = 360/5=72

Let A1 and F2 = Fulls in the two strings.

First of all, let us draw the space diagram for the given system of forces and name them
according to Bow's notations as shown in Fig(a)

PiE e
-

S .

{ard

Fig 217
Now draw the vector diagram for the given forces as shown in Fig 2.17 (b) and as discussed
below :
1. Select some suitable point a and draw a honzontal ine ab equal to 30 N to some suitable
scale representing the force AB.
2. Through b draw a line be equal to 70 N to the scale and parallel to BC.
3. Similarly through ¢, draw cd equal to 60 N to the scale and parallel to CD.
4. Through d draw a line parallel to the force P1 of the space diagram.
5. Similarly through a draw a line parallel to the force P2 meeting the first line at e, thus closing
the polygon abede, which means that the point is in equilibrium.
6. By measurement, we find that the forces P1 = 57.5 N and F2 = 72.5 N respectively. Ans




Submitted by :

ER. RAMESH CHANDRA PRADHAN
Lecturer

Mechanical Engg. Department
PNS SCHOOL OF ENGINEERING &
TECHNLOGY
Nishamani Vihar, Marshaghai, Kendrapara



CHAPTER3: FRICTION

On completion of the subject, the student will be able fo;
» Define and classify friction
« Know aboul advantages and disadvantages of friction
« Understand and Compute about equilibrium of bodies on level plane
+ LUnderstand the application of friction and apply it 1o solve problems

3.1 FRICTIONAL FORCE: It is the resisting force which oppose the movement the body, it
always acts opposite the movement of the body,

R

Fig 3.1

Where P= applied force
F=trictional force
W=weighl of the body
K= nomal reaction.
Classification of the friction:
The frictional forces are classified into two types: (1) Static fnchon
(if) Dynamic Friction

STATIC FRICTION:

It 15 the friction expenenced by a body when il 1S al rest, Or in olher words, It is the frnicbon when
the body Is tends 10 move.

DYNAMIC FRICTION:

It is the fnction experience by a body when It Is in motion. It is also called kinelic friction. The
Dynamic friction is further divided into two types

(i) Shiding friction: It is the friction experienced by a body when it slides over another body

() rolling fnction: It is the friction expenience by a body when it rolls over ancther body




LIMITING FRICTION:

The maximum Iricbon thal can be generaled between two static surfaces in contact with each
other. Once a force applied o the two surfaces exceeds the limiting friction, motion will occur
For two dry surfaces, the limiting friction is a product of the normal reaction force and the
coefficient of limiting friction,

NORMAL REACTION:

Whenever a body, lying on a horizontal or an Inclined surface, IS In equiibnium, its weight acls
vertically downwards through its centre of gravity. The surface, in tum, exerts an upward
reaction on the body. This reaction, which is taken 1o act perpendicular to the plane, is called
normal reaction and is, generally, denoted by R or (R,)

Iif weight is the only vertical force acting on an object lying or moving on a hornzontal surface,
the normal reaction force is equal in magnitude, but opposite in direction to the weight. It is
ahways acting perpendicular to the plane

W
Horizontal plane Inclined plane
Fig 3.2
ANGLE OF FRICTION:

It is the angle between the nomal reaction and resultant force of nomal reaction and frictional
forces or limiting faction. This angle is generally specified by 8
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ANGLE OF REPOSE:

It is an angle of the inclined plane at which the body is tends to slide downwards, This angle is
generally specihed by a

Fig 34
COEFFICIENT OF FRICTION:

It is the ratio of limiting friction or frictional force and nomal reaction. It is generally denoted by p
(mu)

In mathematically:
u=£ =tan @ or F=pR
Where g= Angle of friction
F= Frictional force

R= Normal reaclion
y= Coefficient of Iriction

LAWS OF FRICTION:
There are two lypes of laws of friction,
{iy Laws of Static friction, and
(ii) Laws of dynamic or kinefic friction

LAWS OF STATIC FRICTION:
1. The force of friction always acts opposite of the applied force or body tends to move
2. The magnitude the frictional force is exaclly equal to the applied force.
3. The magnitude of limiting fricbon bears constant ratio 1o the normal reaction between the
two surfaces, Mathematically,

g
Tcnnﬂaﬂt where F = Limiting friction

R= Normal reaction
4. The force of friction is independent of the area contact between the two surfaces
5. The force of friction depends upon the roughness of the surfaces




LAWS OF KINETIC OR DYNAMIC FRICTION:

1. The force of fricbon always acls in a direction, opposite lo that in which the body is maving

2. The magnitude of kinebc friction bears constant ratio to the normal reaction between thetwo
surfaces. But this ratio is slightly less than that in case of limiting friction

3. For moderate speeds, the force of friction remains constant. But it decreases slightly with the
increase of speed.

ADVANTAGES OF FRICTION:

Friction Is responsible for many types of motion

It helps us walk on the ground

Brakes in a car make use of friction to stop the car

Asteroids are bumnt in the atmosphere before reaching Earth due to fnction
It helps in the generation of heat when we rub our hands

DISADVANTAGES OF FRICTION:

Friction produces unnecessary heal leading 1o the wastage of energy.

The force of friction acts in the opposite direction of motion. so friction slows down the
motion of moving objects.

Forest fires are caused due Lo the friction between tree branches.

A lot of money goes into preventing friction and the usual wear and tear caused by it by
using techniques like greasing and oiling.

4.2 EQUILIBRIUM OF BODIES ON LEVEL PLANE

EQUILIBRIUM OF A BODY ON A ROUGH HORIZONTAL PLANE:

We know that a body, lying on a rough horizontal plane will remain in equilibrium. But whenever
a force i1s appiled on IL the body will tend to move in the directon of the lorce. In cases
equikbrnium of the body is studked first by resohing the forces horzontally and then vertically.

Now the value of the force of friction is obtained from the relation:
F=uR
Where p= Coefficient of friction, and
R=Normal reaction.
Example:3.1. A body of weight 500N is lying on a rough horizontal plane having a
coefficient of friction as 0. Find the magnitude of the force, which can move the body,
while acting at an angle of 35° with horizontal.

Solution: Data given: Weight of the body(w)=500N35°

Coefficient of fnction (p)=0.3F

Inclined angle (a)=35°




Let
P= Magnitude of the force, which can move the body, and

F=Fnctional force,
Resolving the forces horizontally,
F=p = c0s35" [F=uR]

Resolving the forces verticaly
R=W-P=xsing -
R=3500-P % §iNdY° —eeeerommmmammemas(ji )
Now substiluting the value of R in equation (i)
(500 - p = 5in35F P x c0s35
0.3(500- P = 5in35") = p = cos35
0.3 = 500=0.3 = psin35 + p = cos35

150=P (0.3 = 5in35 + c0s35)

150

BAsind5+cosis

P=131.3N ANs

EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE:
Here the forces are applied in three ways that are

1. Force acting along the inclined plane.

2. Force acting horizontally.

3. Force acting at some angle with the inclined plane

1. EQUILIBRIUM OF A BODY ON A ROUGH INCLINED PLANE SUBJECTED TO
A FORCE ACTING ALONG THE INCLINED PLANE:
Consider a body lying on arough inclined plane subjecied force acting along theinclined plane

I
w

Fig 36
Let w= Weight of the body
a= Angle, which the incined plane makes with the honzontal
R= Nomal reaction
p= Coefficient of friction between the body and the inclined plane,




¢= Angle of mction, such thal y=tan ¢
A little consideration will show that if the force is not there, the body will slide down the plane
Mow we shall discuss the above two cases
Caze 1.Minimum force () which will keep the body in equiibrium, when i 15 at the point of
sliding downwards
Resolving all the forces along the inclined plane:

P, + F=Wsina
Pi= WsingF [F=pR]
P=WsING-PR  sememmam(l)

Now resolving all the forces perpendicular to the plane;

R=Wocosa {ii)
Substituting the value of R in equation (i)

= Wsina-pWoosa

Pl = W (sina — pcosa)

And now substituting the value of p= tan ¢ in the above equation
Py= W (sino-tan ¢ cosa)
Multiplying both sides of this aquation by cosg
P.cosg=W (sina cos @- 5in @ cos a)

sinfa =)
P =
oS

Case 2: Maximum force (P;) which will keep the body in equilibrium, when it is at the point of
shiding upwards

Resolving all the forces akong the indined plane.
P=Wsing 4R ==={i}
Now resolving all the forces perpendicular to the inclined plane:
R=W cosa —{ii)

Substituting the value of r in equation (i),

Py= W sina + pW cosa

=W (sina + p cosa)




And now Substituting the value of y=tan ¢ in the above equation,
Py= W (sina + Tan ¢ cosa)

Multiplying both sides of this equation by cos @,

Pscos ='W (sina cos ¢+ sin ¢ cosa)

Picosg =Wsin{a+g)

Wain{a+D)

ot {maximum force which keep the body in equilibrium)

2. EQUILIBRIUM OF ABODY ON A ROUGH INCLINED PLANE SUBJECTED TO A
FORCE ACTING HORIZONTALLY.

Considering a body lying on a rough inclined plane subjected 1o a force acting horizontally,
which keeps it in equilibrium as shown in fig 3.7 (a) and (b)

Fig 3.7

W- Weight of the body

a =Angle of inclination with horizontal

R= Nomal reaction

p= Coefficient of friction between the body and the inclined plane
b=Angle of frichon
Case 1. Minimum force (P:) which will keep the body n equikbrium, when it 15 at the point of
shding downwards
Resolving the all the forces inclined plane:
P1cosa =W sin a-pR
And now resolving all the forces perpendicular to the plane,

R=Wcosa+Pisina

Substituting this value of R in equation (i)
Picos a= W sin a-p{W cos a+P1 sin q)
=W sin a-uW cos o-uP1 sin g




Picosa+ P1sina =W sing-JW cos a
P1(cosa +usina)=W(sin a-pcos a)

L e FER LT
P} st
COEM+| SR
sina =tan{oosa
ol o | e e e
cogadtan sing
Multiplying the numerator and denominator by cosd,

shmeos O =gind cosa

P1=Wx

COSTe0s J+5in0 sing
cos{a—0)
P1=W tan(a- &) Minimum force

Case 2. Maximum force(P;) which will keep the body in equilibnum, when it is at the
point of sliding Upwards

Resolving all the forces along the inclined plane,
P.cosa=F+W sina

Prcosa =UR+W SING «mceemmrendf ]

Resaolving all the forces perpendicular to the plane,
R=W cosa + PP; sing (i)

Now substiuting the value of R in equation (1)
Pscosa=p W cosa +P; sina+ W sing

F.C050- p P; sina=p W cosa + W sing

P. {c05a- psing )= W{sing + y cosa)

AL T R g TR ]

00— SiEE)

gim* fan S e
P = - A Al
r

{cosa— tams Eina)

Multiplying the numerator and denominator by cosd

- &
SRS I COEE |
P, = W wliine }
: {cosaosd = gind glmal

. o
P._. :w :':51:'1':-\.1' 4 |
caEla+ o}

Ps =W =tan (a + ©') —=-=-- Maximum force.

3. EQUILIBRIUM OF A BODY ON AROUGH INCLIED PLANE SUBJECTED TO A
FORCE ACTING AT SOME ANGLE WITH THE INCLINED PLANE:

Considering a body lying on a rough indiined plane subjected to a force acting some angle with
the inclined plane, which keeps it in equilibrium as shown in fig 3 8(a) and (b)
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Fig 38

Case 1. Minimum force (P;) which keep the body in equilibrium when it is at the point of sliding
downwards

Resolving all the forces along the inclined plane,
P, cos 8=W sina -F
P, cos 8=W sina -pR————-{i}
Resolving all the forces along perpendicular 1o the inclined plane,
R =W cos a -Pj 5in B =s=smsmemae(li}
Substituting the value of R in equation (i)
P, coes 8=W sing -p(W cos g -P, sin B)
P, cos 8-uP; sin 8 =W sina -4W cos a
P:{cos 8-y sin 8) = W {sina -p cos a)

P, =\ Liinapcoia)
1

(oo B=u g5 0]

Now substifuting the value of p=land in the above equation.
.. {Sima=Fan P cosa )
P le:.m B-tan ::'.r;I}E
Multiplying the numerator and denominator by cos
oL { St = P = COSE |
P. > wx-jnml.-l-un'. TOLLE
. (zinecos i —sinn T cosT)

{cod 0 oo 3 =Einn T vin B

P, = ws-c‘---"--;- et e enamessen s NRIMUM fONCE
COE R+ 5§

Case 2. Maximum force{P;) which will keep the body in equilibium, when it is at the point of
shaing Upwards
Resolving all the forces along inclined plane,
P:cos 8=W sing +F

P.cos B=W sina +UR

Resolving all the forces along perpendicular to the inclined plane,
R=Wcosa-Psinf ——————(ii)

Substituting the value of R in equation (i)

P.cos B=W sina +p(W cos a -P; sin 8)

P.cos B=W sina +pW cos a -pP; sin 8)




P, cos 8+uP, sin B = W sina +yW cos a
Ps{cos 8+ sin 8) = W (sing +j cosa)

B, == (iR dpcosa)
= e TR R
| {0 Bty S B

Now substiluting the value of p=tand in the above equation.
e LEnaHend coia)
[cos B+tan? sin 6]
Multiplying the numerator and denominator by cosd

it 4 L Peata)
P = Wx -

" (i Cig T+ dBHA T Ooda )

(i B+ Lan - sin W)

{ead A pas y +uian L pin )

P, = WxElEE) e Maximum force

cos(#-3)

Example 3.2.A body of weight 500 N lying on a rough plane inclined at an angle of 25°
with horizontal. It is supported by an effort (P} parallel to the plane as shown in fig.

Figds

Determine the minimum and maximum, value of P for which the equilibrium can exist, If
the angle of friction is 20°.

Solution: Data given, Weight of the body (W)=500 N
Angle at which plane is inchned (a)=25" and
Angle of friction (=20
Minimum value (P,):

We know that for the minimum valueP, , the body is at the point of sliding upwards. We also
know that when the body is at the point of sliding down wards, then the force.

Py e
sin(25°=20")

P1 =500 x cos20°

P- =5|:H:| H:‘.‘-"I:I.: H

r.1|:.i'.ﬁ.'.




P, =500 x> == N

{19397

Fy=d6.4 N

Maximum value (P;).
We know that for the maximum value F;the body is al the point of sliding upwards. We also
know that when the body is at the point of shding down wards, then the force.

sin{ar+1)
P_-.- =||"'|I m .
g
Sin(Z5%+207)
, =500 et od ot i
g 2
sin(45)
2 =500 =

coz2”

P, =376.2 N

Example:3.3An effort of 200N is required just to move a certain body up an inclined plane
of angle 15* the force acting parallel to the plane. If the angle of inclination of the plane is
made 20° the effort required, again applied parallel to the plane is found to be 230 N. Find
the weight of the body and the coefficient of friction.

Fig 3.10

Solution: Data given, First case. When effort (P,) =200N
Angle of inclination {a)=15" and
second case: When effort (P;) =230N
Angle of inclination =20°

Let p=Coefficient of friction
W=Wesght of the body

R=Normal reaction, and
F=Force of friction

First of all, consider the body lying on a plane inclined at angle of 15° with the horizontal and
subjected to an effort of 200 N as in fig (a)




Resalving the forces at right to the plane,
Ry=W cos15
And now resolving the forces along the plane,
200=F,+Wsin15°{ F=uR]
=uR; Wsin13
Substituting the value ofR,in equation (i)
=pWeos15"+ Wsin15®
= W(Ucos15%+ sN15" jememmmmninaes {il)
Now considering the body lving on a plane inclined at an angle of 20° with the horizontal and
subjected to an effort of 230 N as shown in fig (b)
Resolving the forces at nght to the plane.
Rs=W cos2(f° 1]
And now resolving the forces along the plane,
230=F +Wain20"

=pWeos20"+ Wsin20®

= W (pcos20"+ sin20"
Coefficient of friction
Drviding equation (iv) by (il)

230 _ Wipcos20® 4+ sind(F)

200~ W(pcos15® + sinl5%)

230 p cos 15" + 230 sin 15° = 200 p cos 20° + 200 sin 20°
230 p cos 15° = 200 p cos 20° = 200 sin 20° - 230 sin 15°
B (230 cos 15° - 200 cos 20°) = 200 sin 20° - 230 sin 15°
_ 200sinZ0°=2305in15
b 23000315 =200 05207
_ﬂﬂﬂ X0.3420)=(230050.2588)
”_r:.in % 0.9659)—{200%0.9397)

={.259 Ans,

Weight of the body
Substituting the value of J in equation (i)

200=W (0.259 cos 15° +sin 15°)
=W (0.259 = 0.9659 + 0.2588)

=0509W

3929N




Example:3.4 A load of 1.3 k N, resting on an inclined rough plane, can be moved up
theplane by a force of 2 k N applied horizontally or by a force 1.25 k N applied parallel to
the plane.Find the inclination of the plane and the coefficient of friction.

Solution.Given: Load (W ) = 1.5k N; Horizontal effort (P1) = 2 k.N and effort parallel 1o
the inclined plane (P2) = 1.25 kN

Inclination of the plane
Let a = Inclination of the plane, and 2= Angle of friction

Fig 3.11

First of all, consider the load of 1.5 kN subjected to a honzontal force of 2 kN as shown in
Fig. 8.14 {a). We know that when the force is applied horizontally, then the magnitude of the
force,
which can move the load up the plane.
P=Wtania+ §)
Or 2=15tan(a+ 9)

2 tan (g4 h=ﬁ=1.333 of (@ + )= 53.1°

Now consider the load of 1.5 kN subjected to a force of 1.25 KN along the plane as shown in

Fig. 8.14 (b). We Know that when the force 15 applied parallel 1o the plane, then the magnitude
of the

force, which can move the load up the plane,
B= W ch5|'rr L'-n-v:-.’j

cosi
{2515 x 0]

gl

0.8
{5«

cagg

1.2
cosd= =096 or =163
1.25
and a=531.1-16.3=36.8"
Coefficient of friction




We know that the coefficient of fnchion
p =tan ¢ =lan 16.3=0.292 Ans

Example:3.5Find the force required to move a load of 300 N up a rough plane, the
forcebeing applied parallel to the plane. The inclination of the plane is such that when the
same load iskept on a perfectly smooth plane inclined at the same angle, a force of 80 N
applied at an inclination of 30°* to the plane, keeps the same load in equilibrium. Assume
coefficient of friction batween the rough plane and the load to be aqual to 0.3.

Solution,

Given: Load (W) = 300 N, Force (P;) = 60 N and angle al which force is

inclined (8) = 30°,

Let a = Angle of inclination of the plane.

First of all, consider the load lying on a smooth plane inclined at an angle (a) with the

honzontal and subjected to a force of 60 N acting at an angle 30° with the plane as shown in
Fig

Fig 3.12

We know that in this case, because of the smooth plane p = 0 or ¢ = (. We also know that
the force required, when the load is at the point of sliding upwards (P),
sinfo+d)

G0=W=

cosf=0)

sin

=300

23464 sina
0866
Sing =——Dm =0, 1712 N
3464
Ora=10°
Now consider the load lying on the rough plane inclined at an angle of 10° with the horizontal
as shown in Fig. 8.18. (b). We know thatin this case, p=03=langorg=16.7".
We also know that force required to move the koad up the plane,

sin(a+)

P:WH
cost =0

Sin( 104 16.7)

foslhT"

=300x




: 2T
|
cas 167"

=300 = 140,7 N
0.9578
3.3 APPLICATIONS OF FRICTION
1. Ladder friction
2. Wedge friction
3. Screw friction.
LADDER FRICTION

The ladder is a device for chmbing or scaling on the roofs or walls, It consists of two long
upnghtsof wood, iron or rope connected by a number of crosspieces called rungs. These
running serve as steps,Consider a ladder AB resting on the rough ground and leaning against a
wall, as shown in figure 3.9.
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Fig 3.13

As the upper end of the ladder tends to slip downwards, thereforethe direction of the force of
friction batween the ladder and the wall (Fw) will be upwards as shown in the figure. Similarly,
as the lowerend of the ladder tends to slip away from the wall, therefore the directionof the force
of friction between the ladder and the floor (F;) will betowards the wall as shown in the
figure.Since the system is in equilibrium, therefore the algebraic sumof the horizontal and
vertical components of the forces must also beequal to 2ero

Note: The normal reaction at the floor (R:) will act perpendicutar of the floor SII‘HIIBFI}', normal
reacton of the wall (Rw) will also act perpendicular to the wall,

Example 3.6 A uniform ladder of length 3.25 m and weighing 250 N is placed against a
smooth vertical wall with its lower end 1.25 m from the wall. The coefficient of friction
between theladder and floor is 0.3.What is the frictional force acting on the ladder at the




point of contact batween the ladder andthefloor? Show thal the ladder will remain in
aquilibrium in this position.

e

L L P
K

Fig 3.14

Solution.Given; Length of the ladder (1) = 3.25 m; Weight of the ladder (w) = 250 N;

Distance between the lower end of ladder and wall = 1.25m and

coeflicient of friction between theladder and floor (uf) = 0.3.

Frictional force acting on the ladder.

The forces acting on the ladder.

LetF.= Frictional force acting on the ladder at thePoint of contact between the ladder and

floor, and

R; = Normal reaction al the floor.

Since the ladder is placed against a smooth vertical wall, therefore there will be no fnction at the
point of contact between the ladder and wail

Resolving the forces vertically,
Rf= 250N

From the geometry of the figure, we find that
ik en e s
BC = 1'(3.25‘;- (125)=30m
Taking moments about B and equating the same,
Fi= 3 = (Rfx 1.25) - (250 = 0.625) = (250 = 1.25) - 156.3 = 156.2 N
Ff==—=521N Ans
Equilibrium of the ladder
We know that the maximum force of inclion available at the paint of contact between the ladder
and the floor
PR=03=250=T75N
Thus, we see that the amount of the force of friction available at the point of contact (75 N) is
mare than the force of friction required for equilibrium {52.1 N). Therefore, the [adder will remain
inan equiibrium position, Ans,

Example 3.7 A ladder 3 meters long rests on a horizontal ground and leans against
asmooth vertical wall at an angle 70* with the horizontal. The weight of the ladder is 900




N and acts at its middle. The ladder is at the point of sliding, when a man weighing T50N
stands on a rung 1.5metre from the bottom of the ladder.
Calculate the coefficient of friction between the ladder and the floor.

Solution. Given: Length of the ladder (I} = 5 m; Angle which the ladder makes with the
horzontal (a) = 70", Weight of the ladder (w1) = 900 N; Weight of man (w2) = 750 N and
distancebetween the man and bottom of ladder=15m

Forces acting on the ladder are shown in Fig.

Let uf = Coefficent of friclion between ladder and floor and

Ry = Normal reaction at the floor.

Resolving the forces vertically,

Ri=900 + 750 = 1650 N ...{i)

= Force of friction at A

Fi=px Re= r® 1650 ...(H)

Now taking moments about B, and equating the same,

R & sin 20° = (F= 5 cos 20°) + (900 = 2.5 sin 20%)+ {750 = 3.5 5in 20%)

= (Fx 5 c0s20%) + (4875 sin 20°)

= (e 1650 = 5 cos 20°) + 4875 5in 20°

and now substituting the values ofR.andF, from equations (i) and (ii)

1650 = 5 sin 20" = (uf= 1650 = 5 cos 20°) + (4875 sin 207)

Dividing both sides by 5 sin 20°,

1650 = (p.= 1650 cot 20°) + 975

= (j* 1650 = 2.7475) + 975 = 4533 pet 975

A= 22015  Ans

4333

WEDGE FRICTION

A wedge is, usually, of a triangular or trapezoidal in cross-section, It is, generally, used
forslightadjustments in the position of a body ie for tightening fits or keys for shafis
sometimes, awedge is also used for lifting heavy weights as shown in fig.3.16
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Fig 3.1

It will be interesting to Know that the problems on wedges are basically the problems
ofequilibrium on inclined planes. Thus, these problems may be solved either by the equilibrium
method or by applying Lami's theorem, Mow consider a wedge ABC, which is used to lift the
body DEFG,

Let W = Weight fo the body DEFG,

P = Force required to ift the body, and

| = Coefficient of frichon onthe planes AB, AC and DE such that

lan g = .

|t will be interesting to know that the problems on wedges are basically the problems of
equiibrium on inclined planes. Thus, these problems may be solved either by the equilibrium
method or by applying Lami's theorem. Now consider a wedge ABC, which is used fo Iift the
body DEFG

Let W = Weight of the body DEFG,

P = Force required to ift the body, and

iy = Coefficient of friction onthe planes AB, AC and DE such that

tang =y

A little consideration will show that when the force is sufficient to lift the body, the slidingwill take
place along three planes AB, AC and DE will also occur as shown in Fig. 3.17 (a) and (b)

Fig 3.17
The three reactions and the horizontal force (P) may now be found out either by graphical
method or analytical method as discussed below




GRAPHICAL METHOD

1. First of all, draw the space diagram for the body DEFG and the wedge ABC as shown
inFig.3.18 (a). Now draw Ihe reactions R, R; and R; al angle f with normal to the faces

DE, AB and AC respectively (such thal tan ¢ = ).

2, Now consider the equilibrium of the body DEFG. We know that the body is in equilibum-
under the action of

(&) its own weight (W) acting downwards

(b) Reaction R, on the face DE, and

(c) Reaction R; on the face AB

Mow. in order to draw the vector diagram for the above mentioned three forces, lakesome
sutable pont | and draw a vertical ine Im parallel to the line of action of the weight(w) and cut
off Im equal to the weight of the body to some suitable scale. Through | drawa line paraliel to the
reaction R,

Similarly, through m draw a ine parallel to the reactionR., meeting the first line at n as shown in
Fig. 3.18(b).

Fig 3.18

3. Now consider |he equilibrium of the wedge ABC. We know thal it i equilibrium underthe
action of

(a) Force acting on the wedge (P),

{b) Reaction R; on the face AB, and

(c) Reaction R, on the face AC

Now. in order lo draw the vector diagram for the above mentioned three forces, through mdraw
a honzontal line parallel lo the force (P) acting on the wedge. Similarly, through ndraw a line
parallel o the reaction R, meating the first line at O as shown in Fig.3.18 (b).

4. Now the force (P) required on the wedge to rase the load will be given by mo. to thescale

EXAMPLE 3.8 A block weighing 1300 N, overlying a 10* wedge on a horizontal floor
andleaning against a vertical wall, is to be raised by applying a horizontal force to the




wedge. Assuming the coefficient of friction between all the surface in contact to be 0.3,
Determine the minimum horizontal force required to raise the block.

Fig 3.19

Solution. Given: Weight of the block (W) = 1500 N. Angle of the wedge (a) = 10" and coefficient
of friction between all the four surfaces of conlact (u)=03=tang or ¢=16.7"

P = Minimum horizontal force required o raise the block
The example may be solved graphically or analytically. But we shall solve it by both the method
Graphical method

1. First of all, draw the space diagram for the block DEFG and the wedge ABC as shown in
Fig.3.19 (a). Now draw reactions R, R; and R; at angles of ¢ (i.e. 16.7" with normal to the faces
DE, AB and AC respectively

2. Take some suilable point |, and draw vertical line Im equal to 1500 N lo some suitable scale
(representing the weight of the block). Through |, draw a line paraliel to the reaction R,
Simiarly, through m draw another line parallel to the reaction R; meeting the first line at n

3. Now through m, draw a horizontal line (representing the horizontal force P). Similarly, through
n draw a line paraliel to the reaction R3 meeting the first line at O as shown in Fig.(b).

4. Now measuring mo (o the scale, we find that the required horizontal force

P=1420N.  Ans,

Analytical method.

1. First of all, consider the equilibrium of the body DEFG. And resolve the forces W, R,
and R, honzontally as well as vertically.

2. Now consider the equilibrium of the wedge ABC. And resolve the forces P, R; and R,
honzontally as well as vertically,

Solution,

Given: Weight of the biock (W) = 1500 N; Angle of the wedge (a) = 10° and




coefficient of fnction between all the four surfaces of contact (=03 =lanporg=16.7"
First of all, consider the aquilibrium of the block, We know that it is in equilibrium under
the action of the following forces as shown in Fig. (a).

1. Its own weight 1500 N acting downwards.

2. Reaction R; on the face DE

3. Reaction R; on the faca DG of the block

Resolving the forces honzontally,

Ricos (16.7°) = Rz sin (10 + 16.7°) = R; sin 26.7

R,= 09578 =R, = 04493

or R;= 2132 R1

and now resolving the forces vertically,

R, = sin (16.7°) + 1500 = Rycos (10* + 16.7°) = R.cos 26.7°

R, = 0.2874 + 1500 = R, = 0.8934 = (2.132 R,)0.8934

=1.905R1 ..(R;=2.132R,)

R,(1.905 = 0.2874) = 1500
Ry= 22 937 3N

16176

AgainR;=2132R, =2.132 = 927.3=197TN
Now consider the equilibnum of the wedge. We know that it is in equilibrium under the
action of the following forces as shown in Fig.(b).

1. Reaction R; of the block on the wedge

2. Force (P) acling horizontally, and

3. Reaction R; on the face AC of the wedge
Resolving the forces vertically,

Ricos 16.7* = Ry,cos (10° + 16.7*) = Rucos 26.7

Ryx 0.9578 = R; = 0.8934 = 1977 = 0.8934 = 1766.2

= 17662
=Ry g1 1844 N

and now resolving the forces horizontally,
P=RZ2sin(10°+16.7°)+ Rysin 16.7" = 1977 sin 26.7° + 1844 sin 16.7" N

= (1977 = 0.4493) + (1844 = 0.2874) = 1418.3 N Ans

PXOTOTOX
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CHAPTER 4. CENTROID AND MOMENT OF INERTIA
LEARNING OUTCOMES:

On completion of the subject, the student will be able to;
+ LUnderstand the concept of centrold and moment of inertia(M.[)
# Calculate centroid and M.1 of various Geomelrical shapes
+ Distinguish between ceniroid and Centre of Gravity (C.G)
* Understand the concept of parallel axis and perpendicular axes theorem

4.1. CENTROID
INTRODUCTION:

A body may be considered lo be made up of a number of minute paricles having weights
having weights wy, Wo, Ws.....wiwhich are attracted towards the centre of body. As the particles
are considered negligible in comparison to body, all the forces are considered lo be parallel to
each other. The resultant of all these forces acling at a point known as Centre of Gravity (C.G)

Cemire of gravify

Fig.4.1.

CENTRE OF GRAVITY (C.G).

Cenlre of Grawity of a body is a fixed point with respect to the body, through which resultant of
weights of all particles of the body passes, at any plane

CENTROID DEFINITION:

Cenlroid Is the centre point or geometric centre of a plane fgure like Imangle, circle,
quadrilateral, elc. The method of finding centroid is same as finding C.G of a body

METHODS FOR CENTRE OF GRAVITY

The centre of gravity (or centroid) may be found out by any one of the following two methods
1. By geometrical considerations
2. By moments
3. By graphical method




CENTRE OF GRAVITY BY MOMENTS

Consider a body of mass M whose centre of gravity 15 required to be found out. Drvide the body
into small masses, whose cenlers of gravily are known as shown in Fig. 6.9, Lel my, m, my
efc. be the masses of the particles and (X, yi), (X3, 1), (%2 ¥). ...... be the co-ordinates of the
centers of gravity from a fixed point O as shown in Fig. 4.2

Fig 4.2
Let zand gbe the co-ordinates of the centre of gravity of the body. From the principle of
moments, we know that

M TS M M0 X,

Zmx

T =

_'Id’:r.';1 M+ M, + ...

AXIS OF REFERENCE

The centre of gravity of a body is always calculated with reference to some assumed axis
known as axis of reference, The axis of reference, of plane figures, 15 generally taken as the
iowes! line of the figure for calculating y and the left ine of the Nigure for calculatings

CENTRE OF GRAVITY OF PLANE FIGURES

The centre of area of plane geometrical figures is known as centroid, and coincdes with the
centre of gravity of the figure. It 15 a8 common prachce 1o use centre of gravity for cenlroid and
VICE versa

Let Xand ybe the co-ordinates of the centre of gravity with respect to some axis of reference,
then




ﬂl".:_ﬁ':'l_" Ty Xy T
ﬂ']*ﬂ_-*ﬂl

" H: ."'I. ™ ﬂ': '|'_I- += {y Yy +
1"1'] T ﬂ: + iy +
wherea,, &, a; éfc., are the areas into which the whole figure 15 dvided X, Xz, X; ... elC.,
are the respective co-ordinates of the areas a,. 8. 8 on X-X axis with respect to same axis
of reference. y,. ¥s. v gfc., are the respective co-ordinates of the areas a,, a,, a, on Y-

Y axis with respect to same axis of the reference. The distances in one direction are taken as
posilive and those in the opposite directions must be taken as negative

Casel.Consider the tnangle ABC of base & and hexght . Determine the distance of centroid
from the base

Lt us consider an elementsl strap of width “by" and thickness “dy’

AEF - AABC
b _h-y

b b

h—_:l |

= h b —|

2 =b|1-= |
t Ir

Area of element EF (dA) = by -dy

=5 l-l | ihy
| ll-ll




Therefore y. is at a distance of W3 from base

Case? Consider a semi-circle of radius . Determing its distance from diamelral axis.

Due to symmelry, centroid 'y must ie on Y-axis,

Consider an element at a distance r' from centre ‘o’ of the semicircle with radial width dr
Area of element = (r.00)=dr

Momenl of area aboul = Jy. dA
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CENTROID OF VARIOUS CROSSECTIONS
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CENTROIDS OF SOLID BODIES

Position of

antre ol gravity

Shape of volume () al dstance
x from the
ond shown




CENTRE OF GRAVITY OF SYMMETRICAL SECTIONS

Section, whose centre of gravity is required to be found out, and is symmetrical about X-X axis
or Y-Y axis the procedure for calculating the centre of gravity of the body is to calculate either
xor §. This is due fo the reason thal the cenire of gravity of the body will lie on the axs of
symmelry

Example 4.1. Find the centre of gravity of a channel section 100 mm * 50 mm * 15 mm.

Solution: As the section is svimetncal about X-X axis, therefore its centre of gravity wall lie on this axis
Now sphit up the whole section into three rectangles ABFJ, EGKJ and CDHK as shown mn Fig 4.5
Let the face AC be the axis of refenence

cianele ARFJ

{ b 50 mim e Hi

15 mm
A

mim |

wlppiping] X
= | 5 mm

¥ 15 = T3 mm? - {r H

e

X5 mm ; ‘I'}
Fig 4.5

We know that distance between the centre of gravity of the section and left face of the section
AC,

(750 % 25+ (1050 x 75 +1750x 25 _
e ———————— 175 i Afis,
50 + 1030 + 750

Example 4.2 An |-section has the following dimeénsions in mm units:
Bottom flange = 300 = 100
Top flange = 150 = 50
Web = 300 = 50
Determine mathematically the position of centre of gravity of the section.
Solution. As the section is symmetrical about Y- axis, bisecting the web, therefore its centre of
gravity will lie on this axis. Now split up the section info three rectangles as shown in Fig. 4.6




Let bottom of the bottem flange be the axis of reference

1, = M x M= ] OO0

) ;
LK) + =0 mim

7. = |50 s S0 = SO0
]

&
sl ¥y = 10+ 300 + . = 4.0 [

We know that distance between centre of gravity of the section and bottom of the flange

{30000 = SOG4+ 015 000 = 2505 + 75400 =

300 000 + 15 000 + 7500

Example 4.3 Find the centroid of the T-section as shown in figure 4.7 from the bottom

e JIH} — _L

| 20

| G |




Due to symmetry, the centroid lies on Y-axis and it is at distance of 80 mm from the bottom

Example 4.3 Determine the centroid of the following figure.

T




Example 4.4 A body consists of a right circular solid cone of height 40 mm and radius 30
mm placed on a solid hemisphere of radius 30 mm of the same material. Find the
position of centre of gravity of the body.

Fig49

Solution.As the body is symmetrical about Y-Y mas, therefore its centre of gravity will lie on this
axis as shown in Fig. Let botiom of the hemisphere (D) be the point of reference.
Hemisphere
¥ j < '11' () muw
S & l )
g 3
Right circular cone

N

. i i
i PN o | AT W 4D fmin
3 i i

1 OO0 i

i
v L) + WO} ¥TAH

: -+
Distance between centre of gravity of the body and bottom of hemisphere D,

- Wy +NYy  (13000mx13.75) + (12 000K x 40
y=td” 30 _ i
W+ W 15 000% + 1. 000R®

= 37 3 mm Ans.




CENTRE OF GRAVITY OF UNSYMMETRICAL SECTIONS

Sometimes, the given section. whose centre of gravity is required to be found oul, is nol
symmelrical edher about X-X axis or Y-Y awxs. In such cases, we have to find out both the
values of X and ¥

Example 4.5. Find the centroid of an unequal angle section 100 mm = 80 mm x 20 mm.
Solution :
As the section is nol symmetrical aboul any axis, therefore we have to find out the values of x
and y for the angle sechion. Spiit up the sechion into two rectangles as shown in Fig.4.10
Let left face of the verical section and bottom face of the horizontal section be axes of
reference

' _-':'.."::";"- 1

a, = 100 x 30 = 3000 mm-

X
Y =— =10 mm » - 20mm
" =
. M
iy - = 50 nim I:I_l]

. ; i
. 280 = 20 x 2= 1 200 mimy i mim

. |
Ky = A + — = M +

N Y 2 20 mm

Al ¥y = '. = [0 um L—— 80 mm —» *
s Fig. 4.10
We know that distance between centre of grawty of the secton and left face,

Lok ds i (2000 % 100+ (1200 x 500 _
1 - - —RRa T 1111] Ans,
A Y SO0+ | 200

similarly, distance between cenfre of gravity of the section and botiom face

i 'l.:l 4 il V. |_11lh:l i :‘-"I:ll. i |]:|."I " l'“‘l o
V== ~ = _ =4Amm  Ans.
a + d, S+ ] 20K

Example 4.6. A semicircle of 30 mm radius is cut oul from a trapezium as shown in Fig
4.11 .Find the position of the centre of gravity of the figure.
- SO i =

] {
'y

!
1240 mi 1
|
| 1\‘?“
i i : e 1 B
H !
f— 30 mm—————-

Fig 4.11




Solution. As the section 15 symmaetrical about Y-Y aus, therefore its cenfre of gravity will be on
this axis. Now consider two portions of the figure wiz., trapezium ABCD and semicircle EFH.
Let base of the trapezium AB be the axis of reference.

(1) Trapezium ABCD

m=|?ﬂr.m:m=3ﬂtﬂﬂm:

120 f'.:m+z.-c:uu'
¥y & X | ———

= b mm
4 'g 300 + 200
() Semncircle

=%xnr:= %wnﬂqﬂr:=4ﬂﬂﬂnmu:

4x90 120

= — [N
n

We know that distance between centre of gravity of the section and AB

. o

(30 000 x 56) —{-ll]""ﬂr[ X L2
K

o B s B
&= a; 30 000 - 4050w

Y=

=09 1mm Ans

4.2 MOMENT OF INERTIA:
INTRODUCTION:

Moment of a force (P) about a paint, is the product of the force and perpendicular distance (x)
between the point and the line of action of the force (i.e. P.x)

If this moment is again multiplied by the perpendicular distance (x) between the point and the
line of action of the force i.e. Px(x) = Px’, then this quantity i called moment of inertia.

CALCULATION OF MOMENT OF INERTIABY INTEGRATION METHOD:
The moment of inertia of an area may be found oul by the method of integration
Consider a plane figure, whose moment of inertia is required to be found out about X-X axis and
Y-Y axis as shown in Fig 4,12, Let us divide the whole area into a no. of strips. Consider one of
these sirips
Let dA= Area of the sinip

x = Distance of the centre of gravity of the strip on X-X axis and

y = Distance of the centre of gravity of the strip on Y-Y axis
We know that the moment of inertia of the strip about Y-Y axis = dA.x’*




Now the moment of inertia of the whole area may be found out by inlegrating above equation
e,

ey = LdA :'i:.
Similarly hy= EdA . ¥

Unit: It depends on units of area and length
If area=m’, length =m then, M.I=m"
If area=mm’, length=mm then, M.I=mm’

THEOREM OF PERPENDICULAR AXIS

Il 1 and lvy be the moments of inerlia of a plane section about two perpendicular axis meeting
at O, the moment of inertia | aboul the axis Z-Z, perpendicular o the plane and passing
through the intersection of X-X and Y-Y is given by,
Iz =l vy
Proof:
Consider a small lamina (P) of area da having co-ordinates as x and y along OX and QY two
mulually perpendicular axes on a plane secton as shown in Fig4.13
Now consider a plane OZ perpendicular to OX and OY.
Let {r) be the dstance of the lamina (P) from Z-£ axis such that
OP=r

From the geometry of the figure, we find that

Fa sy
We know that the moment of inertia of the lamina P about X-X axis,

ho=da. y .|| = Area » (Distance)’]

Similarly, lyy= da, x'
Andly; = da. r’ = da (o + v) (F=x+y)

=ga i+ da, y =yt




Fig 413

THEOREM OF PARALLEL AXIS
It states, If the moment of inertia of a plane area aboul an axis through its centre of gravity is
denoled by |G, then momenl of inertia of the area aboul any other axis AB, paraliel o the firs!,
and at a distance h from the centre of gravity is given by
= I+ ah”
Where |= Moment of ineria of the area about an axis AB
|;= Moment of Inertia of the area about its centre of gravity

a = Area of the section, and

h = Distance between cenlre of gravity of the section and axis AB.

Fig 4.14
Proof
Consider a sirip of a arcle, whose moment of inertia is required to be found out about a line
AB as shown in Fig.4.14
Let da= Area of the strip
y = Distance of the strip from the centre of grawity the section and
h = Distance befween centre of gravity of the section and the axis AB.
Moment of inertia of the whole section aboutan axis passing through the centre of gravity of the
section =Ba, y*
and moment of inertia of the whole section about an axis passing through its centre of grawvity,
lo=Eda.y’
Momenl of inertia of the section about the axis AB,
lia= I0afh + y)’ = Z3a(h’ + ¥ + 2 hy)
= (Ih’, Ba) + Iy’ Ba) + (E2 hy Ba)
=ah'+lgt0
=a h’ + g




MOMENT OF INERTIA OF A RECTANGULAR SECTION

Consider a rectangular section ABCLD as shown in Figure 4,12 whose moment of nerha is
requiredto be found out
Let b= Width of the section and

d= Deplh of the section.
Now consider a strip PQ of thickness dyparaliel to X-X axis and at a distance yfrom it as shown
in the figure
~.Area of the strip= b.dy
We know thal moment of inerlia of the sirip about X-X axis, = Area = y'= (b. dy) y' = b. y. dy
Now moment of inertia of the whole section may be found out by integrating the above equation
for the whole length of the lamina i e. from - 32 fo d/2,

Fig4.15

MOMENT OF INERTIA OF A HOLLOW RECTANGULAR SECTION

Consider a hollow rectangular section, in which ABCD |5 the main section and EFGH is the
cut out section as shown in Fig 4.16

Let b= Breadth of the outer rectangle,

d = Depth of the outer rectangie and

b, d,= Comesponding values for the cut ouwt rectangle

We know that the moment of inertia, of the outer reclangle ABCD about X-X axis =(bd")/12
and moment of inertia of the cut out rectangle EFGH about X-X axis=(b,d,")/12
=M. of the hollow rectangular section about X-X axis

I..=M1I of rectangle ABCD - M1 of rectangle EFGH
w0 hd

P ¥

I,

Fig4.16




Example 4.7 .Find the moment of inertia of a hollow rectangular section about its centre

of gravity if the external dimensions are breadth 60 mm, depth 80 mm and internal

dimensions are breadth 30 mm and depth 40 mm respectively

Solution Given: External breadth (b) = 60 mm, External depth (d) = B0 mm ; Inlemnal breadth

(61) = 30 mm and internal depth (d1) = 40 mm, We know that moment of inertia of hollow

rectangular secbon about an axis passing through its centre of gravity and parallel to X-X axis,
bi' B 6080 30(40)

Iy 8 — - 5 = 2400x10' mm*  Ans,
12 12 12 12

db 80(60) 4030
g 3 - B
MOMENT OF INERTIA OF A CIRCULAR SECTION

Consider a circle ABCD of radius (r) with centre O and XX' and Y-Y" be two axes of reference
through O as shown in Fig.4.17

= 1350 % 10" mm" Ans.

Fig4.17

Now consider an elementary nng of radius x and thicknéss dx, Therefore area of the nng.da= 2
mx. ax
and moment of inertia of ring. about X-X axs or Y-Y axis

= Area = (Distance)

=27, dx= x°

=2m, dx
Now moment of inerlia of the whole section, aboul the central axis, can be found out by
integrating the above equation for the whole radius of the circle Le, from O o,

1T
n n d
=—u'r4=—||:i'+4 [Luhslllunnsr rn—J
2 32 I )
¥ i

We know, from theorem of perpendicular axis,

.I'_."_H. - IJT = .f:,:

Example 4.8. Find the moment of inertia of a circular section of 30 mm diameter about an
axis passing through its centre.




Solution :Given: Diameter (d) = 50 mm We know that moment of inertia of the arcular section
about an axis passing through its centre,

R K n i
Iy =— (d)' = —x(50)" =307x10" mm*  Anms.
- 64

MOMENT OF INERTIA OF A HOLLOW CIRCULAR SECTION
Consider a hollow circular section as shown in Fig 4.18, whose moment of inertia is required to
be found out.
Let [ = Diameter of the main circle, and
d = Diameter of the cul oul circle.

We know that the momenl of inertia of the main circle about X-X axis =£‘-ﬂ‘

and moment of inertia of the cut-out circle about X-X axrsr:—id‘

Moment of inertia of the hollow circular section about X-X axs,

Fig 4.18
o= Moment of inertia of main circle - Moment of inertia of cut out circle,
= iD-‘-_ ld-i= {Dlldl}

m
L) b frd

by ==(D"d")

Exampled.9. A hollow circular section has an external diameter of 80 mm and internal
diameter of 60 mm. Find its moment of inertia about the horizontal axis passing through
its centra.

Solution. D=80mm d=60mm

L %{D'—d"j = %{an‘-ﬁﬂ*] = 1374 x10" mm"*

MOMENT OF INERTIA OF A COMPOSITE SECTION
The moment of inertia of a composite section may be found out by the following steps
1. First of all, split up the given section into plane areas (/... rectangular, triangular, circularetc.,
and find the centre of gravity of the secbion).
2. Find the moments of inerba of these areas aboul their respective centers of gravity.
3. Now transfer these moment of inertia about the required axis (AB) by the Theorem ofParaliel
Axis, ie, lg= IG + ah
wherelG= Moment of inertia of a section about its centre of gravity and paraliel to the aus.
& = Area of the section,
h = Distance between the required axis and cenlre of gravily of the section




4. The moments of inerta of the given section may now be oblained by the algebraic sum of the
moment of inerba about the required axs
MOMENT OF INERTIA OF A TRIANGULAR SECTION

Consider a tnangular section ABC whose moment of inertia is required to be found oul.
Let b = Base of the triangular section and
h = Height of the trianguiar section

Fig 4.19
Consider a small strip PQ of thickness dx at a distance of x from the verlex A as shown in Fig
4.19. From the geometry of the figure, we find that the two triangles APQ and ABC are similar.
Therefare
PO 1 BC v bx
BET R T TRt Rty

|
We know that area of the strip PQ “%‘i"

and moment of inertia of the sirip about the base BC = Area = (Distance)’= r'fd x{hex)e= t—'h‘-(n

X dx

Moment of inertia of the whole triangular section may be found oul by integrating theabove
equation for the whole height of the triangle L., from 0o h.

1.3 3
J'“--:ILTLh-l.'l iy

= J:nh:*-;: = Jhx) v

i by
12
We know that distance between centre of grawity of the triangular section and base BC, d=h/3

Therefore, Momenl of inertia of the triangular section about an axis through its centre of gravity
andparaliel 1o X-X axis, ;= ls— ad’

_ML ;Mr,;.fr: b’

12 L2 3 Tk




Example 4,10, A hollow triangular section shown in Fig is symmetrical aboul its vertical
axis. Find the moment of inertia of the section.

Fig 4.20

Solution,

Given : Base width ol main trnangle (B} = 180 mm; Base width of cut out trangle (b) = 120 mm,
Height of main triangle (H) = 100 mm and height of cut out tnangle (h) =60 mm

Moment of Inartia about triangular section,

B 000 OO g10P.T2x10'= 4.28x1 0'mm'

T

E:ampta 4.12 A hollow semicircular section has its outer and inner diameter of 200 mm

and 120 mm respectively as shown in Fig.What is its moment of inertia about the base
AB?

=] ) mm-m
l—200 mm —»

Fig 4.21

solution ..

Given: Quter diameter (D) = 200 mm or Quter Radius (R) = 100 mm and

inner diameler (d) = 120mm or innef radius (r) = 60 mm.

We know that momenl of inertia of the hollow semicircular section about the base AB,
Le=0383 (R'-r')=0.303 1{1!]1]]‘ - [EEI]*‘] = 3421 » 10°mm‘Ans




MOMENT OF INERTIA OF SOME GEOMETRIC SHAPES

I'éﬁ‘""‘”

+_.

I f ! o = byl )
| B

1
| Zow (e oyl )
&

Example 4.13. An |-section is made up of three rectangles as shown in Fig 4.22. Find the
moment of inertia of the section about the horizontal axis passing through the centre of
gravity of the section

Solution. First of all, let us find out centre of gravity of the section. As the section is symmetrical
about ¥-Y axis, therefore its centre of gravity will lie on this axis. Spit up the whole section into




three rectangles 1, 2 and 3 as shown in Fig, Let bottom face of the bofiom flange be the axis of
reference
l- ) mm -i 1

{1) Recrangle 1 -

a, = 60 x 20 = 1200 mm E} 20 mm
: ; ” 3

20
ard \',=:‘U+IW+T=1.'-DIT:m i |

= |

(1) Rectangle 2 @
d. = 100 = 20 = 2000 mm- ¥
and ¥y = 20 + 1_3? = T0 mun == == ) mm

rad

1) i

(rir) Recrangle 3
a, = 100 x 20 = 2000 mm* ' @

20 mm
20 N
and ¥y = — =10 mm ) =L !
L] 1 h |-q- |lrl'||-|1.1.—l-| Figd?:

We know that the distance between centre of gravity of the section and bottom face
L B Bl B Bl B (1200 » 130) + ( 2000 = 70) + (2000 »= 10)
= |
iy +a; +a,y 1200 + 2000 + 2000
= Hi) & mm

We know that moment of inertia of rectangle (1) about an axis through its centre of gravity and
paraliel to X-X axis,

nun

Fooa 60 x (20)°
-
and distance between centre of gravity of rectangle (1) and X-X axis
h, =130 -608 = 69.2 mm
Momenl of inertia of rectangle (1) about X-X axis
=lg + ol =(40x10") + [1200 x (69 2)"] = 5786 x 10" mm"

Simidarly, momen! of inertia of rectangle (2) about an axis through s centre of gravity and
paraliel lo X-X axis,

= 40 % 10" mm*

£ 20 x (100)°
&I 12
and distance between centre of gravity of reclangle (2) and X-X axis,
Jr: = 70 - 60 8§ =92 mm

Momenl of inertia of rectangle (2) about X-X axis

= 1666 7 x 10" mm*

= Iy + ay b7 = (16667 x 10") + [2000 x (9.2)°] =1836 x 10" mm*

MNow moment of inertia of rectangle (3) about an axs through s centre of grawty and paralel
o X-X axis
q
100 = { 20 X
IG?“%=W?H1G mm”
and distance between centre of aravity of recta nale (3) and X-X axis

h, =608 - 10 = 50.8 mm
Moment of inerta of rectangle (3} about X-X axis
= Iy + ay hi = (667 % 10%) + [2000 x {50.8)° ] = 5228 x 10" mm*
Mow moment of inertia of the whole section about X-X axis

I = (5786 % 10°) + (1836 % 107) + (5228 x 10°) = 12 850 x 10" mm*  Ams.
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CHAPTER 5.SIMPLE MACHINES

LEARNING OUTCOMES:
On completion of the subject. the student will be able to.
Distinguish between simple and compound machines
Define common terms related to simple lifting machines
Differentiate between reversible and seff-locking machines
Infer the law of machines
Establish the relabon between mechanical advantage and load, and between efficiency
and load,
Explain the use and working of simple axie & wheel, single purchase crabwinch& double
purchase crab winch, Worm & Worm Wheel, Screw Jack.
Expiain the use and working of different hoisting machine

3.1 INTRODUCTION:

Man invented vanous types of machines for his easy work. Sometimes, one person cannol do
heavy work, bul with the help of machine, the same work can be easily done,

To change the lyre of a car, number of parson will be required. But with the help of a “Jack”, the
same work can be done by a single man. Therefore, jack acts as a machine by which the load
of a car can be ifted by applying very small force as compared to the load of car.

SIMPLE MACHINE:

A simple machine s a device by which heavy load can be lited by applying less effor as
compared to the load. A simple machine makes a difficult task easy by multiplying or redirecting
the force in a single movemen.

@.9. Heavy load of car can be lifted with the help of simple screw jack by applying small force,
COMPOUND MACHINE:

Compound machine is a device which may consists of number of simple machines. A
compound machine may aiso be defined as a machine which has multiple mechanisms for the
5ame purpose

€. In a crane, one mechanism (gears) are used to dnve the rope drum and other mechanism
(pulleys) are used to Ift the load. Thus, a crane consists of two simple machines or mechanisms
i.e, gears and pulleys. Hence, it is a compound machine

SIMPLE GEAR DRIVE:

Gears are used lo transmit power from one shaft lo another shalt, Gear use no inlermediate link
or connéctor and transmil the motion by direct contact. In the following figure 5.1 two gear are
engaged and rotational motion can be transferred from one gear to other gear




Fig.5.1
V.= tangential velocity at point of point of contact of two gear
"u"F=r.t|r] Wl

=H'lfI| i‘l|'| Jl'll-f?l"l-l;l

N=angular velocity in rpm
w=angular velocity in (rad/s)
d=pilch circle diameter.
SIMPLE GEAR TRAIN:

In simple gear train each shaft supports one gear. A simple gear drive is that gear drive in which
all the gears lie in the same plane. Fig. 5.2 show a simple gear drive in which gear A, |, and B
lie in the same plane. The gear A |s dnver gear and gear B s follower gear. Gear |, is idle gear
The lunction of ideal gear is to fill the gap between first gear and last gear and some lime it is
used to change the direction of rotation of first and last gear

[Hivies

i Follower
1

n Ik
JEL ) 1




VELOCITY RATIO OF A SIMPLE GEAR TRAIN :

MNow consider a simple train of wheels with one intermediate wheel as shown in Fig.a.2
Let N, = Speed ol the driver

T, = No. of teeth on the driver

d, = Diameter of the pitch circle of the driver

N, T;, d; = Corresponding values for the intermediate wheel, and

N, Ty da = Corresponding values for the follower

p= Pitch of the two wheels.

We know that the pitch of the dnver

iy

p-ﬁ s e S e kb

simiarly pach of the ideal gear

il
=— 3
p T, (3]

Similarly pich of the follower

1
since pilch of maling gear are same,
Equating eq"(2) and eq"{3)

iy

[
I3

Equatingeq™(3) and eq(4)

Similarly




VELOCITY RATIO :
It is he ratio between the velocities of the driver and the follower

o o My g
Velocity rafip=— = =
Ny T

COMPOUND GEAR TRAIN:

When series of gears are connected in such a way that two or more gears are mounted on
same shaft or rolate about an axis with same angular veloCity i1 IS known as compound gear
frain

N, = Speed of the driver 1

T, = No. of leeth on the driver 1,

Similarty

N;, Ns, Ni N &Ns = Speed of the respeclive wheels




Ta, Ta.T4 T5AT5 = No. of teeth on the respective wheels

Since the gears 1 in mesh with the gear 2, therefore

..(8)

Vielocity rafio of compound gear frain

hrl T;g T.l an
—==X¥_Y2ash.=Nand N; = N:
M‘I ]"[ X T-[ X T,{ L 1 ! .l]

Product of the teeth on the followers

Proaluct of the teeth an the drivers

TERMINOLOGY IN SIMPLE LIFTING MACHINE:

(M.A V.R. & Efficiency and relation between them)

Effort:It may be defined as, the force which is apphed so as lo overcome the resistance or to |ift
the load. It is denoted by ‘P

Load: The weight to be Ifted or the resistive force to be overcome with the help of a machine is
called as load (W)

Valocity Ratio (V.R.): It is defined as the ratio of distance fravelied by the effort (Y) 1o the
distance travelied by the load (X)

_distance travelled by the effort_ Y

a distance travelled by the load X

Mechanical Advantage: It is defined as the ratio of load to be lifted fo the effort applied




Input: The amount of work doné by the effort i called as input and is equal to the product of
effor and distance travedled by it

Input=P x Y
Where , P= Effort and Y= distance travelled by the effort

Qutput: The amount of work done by the load is called as output and is equal o the product of
ioad and distance travelled by i

Output = W xX
Where , W= Load and X= distance travelled by the load

Efficiency: The ratio of output to input is called as efficiency of machine and it is denoted by
Greek letter eta (n)

_ Output _WxX_MA

Input  Px¥ VR
Itis always less than 100% because of friction and losses, therefore MA <V R
LAW OF MACHINE:

The equation which gives the relation between load Iifled and effort applied in the form of a
slope and intercepl of a straight hine 5 called as Law of a machine,

P=mWs+C

Where, P = effort applied, W = load Iifted, m = slope of the line and C = ¥ = intercept of the
straight line

F#_.__.-"

(K. ¥l

¥ *'ﬁd‘{r
____,.-'1’65/1

Wi Ty

L3l W)

Fig 5.4

Y,=Y,

m= tsmfb-}.:?_xl




It has been observed thal, the graph of load ws effort 5 a strasght hne cuts the Y-axis giving the
intercept 'C which indicates the effort lost on friction

It must be noted that, f the machine is an ideal machine, the straight line of the graph will pass
through the ongin

MAXIMUM MECHANICAL ADVANTAGE (MAX. M.A.):

We know that

we know P = miW+ C

mv+L
Dividing numerator and denominator by W

1
M.A=

L
M=
w

C
As C<<<\W the ra‘":rﬁr is very small so by neglecting it the M_A will be maximum

MA =
m
MAXIMUM EFFICIENCY:
The ratio of M_A ... tothe V. R, is called as maximum efficiency

MA max _ 1 % |
VR 1] VR

rl-'r..-u=
REVERSIBLE MACHINE:

When a machine |s capable of doing some work in the reverse direction even on removal of
effort, it is called as reversible machine

e.9. simple pulley used 1o ift load W with effort P
CONDITION FOR REVERSIBLE MACHINE:
Consider a reversible maching, whose condiion ior the réversibility 15 réquired 1o be found out

Let W = Load lifted by the machine,
P = ENort required to it the load,




¥ = Distance moved by the effort, and
x = Distance moved by the load

We know that input of the machine
=P=y..0)
and oulput of the machine ='W = x (i)

We also Know that maching fnchon

= Input = Qutput = (P = y) = (W x x) ...{ili}

A little consideration will show that in a reversible machine, the “output of the machine should
be more than the machine friction, when the effort (P} is zero. L.e.

Wex=Pxy-W=xx
or 2W = x>P » y

oW xyPxy=>7
or (WIP)/ (YIX) = ¥
or MAVR > %
[Mhi:andvﬁz )
n>= =0.5= 50%
?ﬁTCE he condition for a8 machine, o be reversible is thal Its efficiency should be more than

IRREVERSIELE MACHINE / NON-REVERSIBLE MACHINE / SELF LOCKING
MACHINE:

When a machine is not capable of doing some wark in the reverse direction even on removal of
affort, it is called as imeversible machine or non-reversible machine or seff-locking machine

0.0. SCrew jack
Condition for Irreversible Machine: The efficiency of the machine shouid be less than 50%.

Friction in Machines in terms of Effort and Load: In any machine, there are number of pans
which are in contact with each other in their relative motion. Hence, there is always a frictional

resistance and due to which the machine is unable to produce 100 % efficency.
Let, P = Actual Effort
P, = Ideal Effort

P; = Effort Lost in friction

Py= Actual Effort (P) - Ideal Effort (Pi) =P - 1;'_";




(AsP.= :"E for machine n=100% )
Let, W = Actual load lifted
W, = |deal load Iifled
W= Load Lost in friction
W= Ideal Load (W) = Actual load lifted (W)
=PxVR)-W

5.2 STUDY OF SIMPLE MACHINES:
SIMPLE WHEEL AND AXLE:

In simpie wheel and axle, effort wheel and axle are ngidly connected to each other and mounted
on a shaf. A sining i wound round the axle 5o as to I8t the load (W) another sinng IS wound
round the effort wheel in opposite direction 50 as to apply the effort (P) as shown in the figure

Bl i

i
L4
w

Sl Wbl i e
Fig.5.5
W = Load lifted
P = Effort Applied
0 = Diametler of the effort wheel

d = diameter of the load axle

When the effort wheel completes one revolution, the efforl moves through a distance equal to
the circumference of the effort wheel (mD) and simultanecusly the load moves up through a
distance equal lo the crcumference of the load axle (md)

_Distance travelled by theEffort _ nD_D

Distance travielled by theload nd d




SINGLE PURCHASE CRAB WINCH:

Fig56

In single purchase crab winch, a rope 15 fed 1o the drum and is wound a few tums round it

The free end of the rope cames the load W. A toothed wheel A is rigidly mounted on the load
drum. Another toothed wheel B, called pinion, is geared with the foothed wheel A as shown in
Fig. 5.6The effort is applied at the end of the handle to rofate it

Let T, = No. of teeth on the main gear (or spur wheel) A,

T;= No. of teeth on the pinion B,

| = Length of the handle,

r = Radius of the load drum

W = Load lifted, and

P = Effort applied to lift the load

We know thal,

Distance moved by the effort in one revolution of the handie=2m

No. of revolutions made by the pinion =1

» No. of revolutions made by the load ﬂmm%
i

T,
Distance moved by the load =21 X T—

_Distance travelled by theEffort 1| Ty

Distance travelled bytheload ¢ T,

- Output _M.A
Input VR




DOUBLE PURCHASE CRAB WINCH:

D o s CORD W

Fig57

A double purchase crab winch s an improved form of a single purchase crab wineh, in whichthe
velocity ratio is intensified with the help of one more spur wheel and a pinion. In a double
purchase crab winch, there are two spur wheeils of teeth T; and T; and T, as well as two pinions
of teeth T; and T, The arangement of spur wheels and pinions are such that the spur wheel
with T1 gears with the pinion of leeth T,. Similarly, the spur wheel with teeth T; gears with the
pinion of the teeth T,, The effort is applied 1o a handle as shown in Fig.5.7

Let T, and T, = No. of teeth of spur wheels,

T; and T, = No. of teeth of the pinions

| = Length of the handle,

r = Radius of the load drum,

W = Load lifted. and

P = Effort applied to it the load, al the end of the handle. Dislance moved by the efford in one

revolution of the handle=2m
Mo. of revolutions made by the pinion D=1

Ts T
Mo. of revolutions made by the spur gear A for 1 revolution of pinon D=1Ti=x 17‘
1

]

T, T
Distance moved by the load=2mr x f}l{ =
1 3

U.R.-""“""'T travelled by the Effort =J_ ¥ ﬁ KT—i
Distance travelled bytheload r Ty T,

The V.R. of double purchase winch crab is higher than that of single purchase winch crab




WORM AND WORM WHEEL:

Wik and worm whissd

Fig.5.8

It consists of & square threaded screw, 5 (known as worm) and a toothed wheel (known as
worm wheel) geared with each other, as shown in Fig.5.8 . A wheel A Is attached 1o the worm,
over which passes a rope as shown in the figure. Sometimes, a handie |5 also fixed to the worm
(instead of the wheel). A load drum is securely mounted on the worm wheel

Let D = Diameter of the effort wheel

r = Rads of the load drum

W = Load lifted,

P = Effort applied fo lift the load, and

T =No. of teeth on the worm wheel

For one complete revolution of effort wheel,
Distance moved by the effod P = nD
Consider the worm Is single threaded.

for one revolution of the wheel A, the screw S pushes the worm wheel through one teeth, then
1
the load drum will move mrc:ugh=F revolution

Distance moved by the load = ‘:—:-'

R _IIIRt:uH‘F travelled by theEffort  _DT

Distance travelled bytheload 32r

_Output _M.A

f Input VR




SCREW JACK:

A screw jack is commonly used for lifting and supporiing the heavy load, A very small effort can
be applied at the end of the lever or handle or tommy bar for Ifting the heavy loads. This effon is
very small as compared to the load Lo be lifted. As jack has a simple mechanism, it is most
commonly used in repair work of vehicles.

When the effort is applied to the handle or lever arm to complete one revolution then load is
iifted through one pitch of the screw (p), therelore the distance moved by the load is equal to the
pitch of the screw and the distance moved by the effort is equal to 2ml

Let| = length of the handle or lever am

p = pitch of the thread of screw

W = Load lifted

P= Effort applied to It the load al the end of the lever.
Distance moved by the effort= 2nl

Distance moved by the load= p

_lill'.'t:|||1'¢=lﬁ|'|.'4-|h'11 by theEffort _2Zni

Distance travelled by the load p

r

W
MA ==
].'l

_l'.h:ll]mr _H,;\,
Inmit VR




3.3 HOISTING MACHINE :

The hoisting is the Iifting of the material against gravity

Common equipmant for hoisting

+ Puliey and sheave block
+ Chain hoists
o Cranes

& Winches

PULLEY AND SHEAVE BLOCK

A pulley is a wheel on an axle or shaft that is designed to support movement and change of
direction of a cable or belt along its circumference. Pulleys are used in a variety of ways to lift
loads, apply forces, and to transmit power. In nautical contexts, the assembly of wheel, axle,
and supporting shell is referred fo as a ‘block’.

A pulley may also be called a sheave or drumand may have a groove between two flanges
around its circumference. The drve element of a pulley system can be a rope, cable, bell, or
chain that runs over the pulley inside the groove.

The pulley and sheave blocks suftable for lifting rough surface and heavy loads

For this purpose, the chains and wire ropes are used




CHAIN HOISTS

The chain haists are the popular mechanism for lifting loads up to tones

The system consists of two sets of chains, namely the hand and load chan

The hand chains are particularly useful for the isolated location, where an elecinc motor
or other types of mechanical equipment are not available

The pull applied through the hand chain is transmitted to the load chain with a
mulliplication factor of over 20.

The load to be lifted 15 held by a load hook whie another hook (called support hook) at
the top, suppor the machansm,

o

.
%‘
1
113
e
rl
y N

Fig.5.11

CRANES

A crane is a type of machine, generally equipped with a Hoist rope or chain, and sheaves, that
can be used both to lift and lower the malenals and to move them horizontally. It is mainly used
for lifting heavy Things and transporting them o other places

Types of cranes

Mabile crane

truck mounted crane
fower crane
overnead crane
demick crane

MOBILE CRANE

A mobile crane is a cable-confrolled crane Mounted on crawlers of ribbed-tired carnes or A
hydraulic-powered crane with a telescopic Boom mounted on truck-type camiers or as self-
propelled Models




._.-"gig i_:in_.n'

Fig.5.12
TRUCK MOUNTED CRANE

+ Truck-mounted crane is a seif-propelled loading unioading Machine mounted on a fruck
Body, with a working section consisting of a Rotating cantilevered boom.
+ these cranes are supporied (outriggers) while Lifting cargo, in order to increase their

TOWER CRANE

These are the crane of swing job type and are mounted on high steel towers

The height of tower maybe 25 to 30 m and these cranes are found to be suitable in the
construction of tall bulkdings in congested areas.

The ground area required for such cranes is very small.




Fig.5.14
OVERHEAD CRANE

* An overhead crane, commonly called a bndge Crane, is a type of crane found in
industrial Environments. An overhead crane consists of Parallel runways with a travelling
bridge Spanning the gap.

+ Anhoisl, the lifting component of a crane, travels Along a bridge.

DERRICK CRANES

« The dermick cranes are of two types, namely
1. Guy demck
2. Stiff leg derrick

The guy demick consists of a verical mast. This mast is supporled by the number of
guys and can revolve through 360°

While revolving, the radius of revoluton should be such thal the revolving structure is not
obstructed by the guy wires.

This derrick can be constructed up 1o 200 tonnes capacity.

In sUiff lag type dermicks, the guy wires are replaced by trussed structure.

The power s supplied by a diesel engine or by an electric motor.




Q.51 In a certain weight lifting machine, a weight of 1 kN is lifted by an effort of 25 N.
While the weight moves up by 100 mm, the point of application of effort moves by 8 m.
Find mechanical advantage, velocity ratio and efficiency of the machine.

Solution:

Given: Weight (W)= 1kN=1000N ; Effort (P)= 25N

Distance through which the weight is moved (Y) = 100 mm =0.1 m and
distance through which effort is moved (x) =8 m

Mechanical advantage of the machine

Velocity ratio of the machine
_distance travelled by the effort_X

:
= == ===
distance travelled by theload Y 0.1

Efficiency of the machine

_ Output _MA_40
Input V.R 80

=0.5=50%

Q.5.2A certain weight lifting machine of velocity ratio 30 can lift a load of 1500N with the
help of 125 N effort. Determine if the machine is reversible.

Solution:.Given: Velocity ratio (V.R.) = 30; Load (W) = 1500 N and effort (P) = 125N

W 1500
We know that M.A==§“=“']“_“—5'-=12

Dutput_ MA_12
and efficiency, n= Se—=—=( 4=40%
¥ Input VR 30

since efficiency of the machine Is less than 50%, therefore the machine is non-reversible.




Q.5.3. What load can be lifted by an effort of 120 N, if the velocity ratio is 18 and
efficiency of the machine at this load is 60%7Determine the law of the machine, if it is
observed that an effort of 200 N is required to lift a load of 2600 N and find the effort
required to run the machine at a load of 3.5 kN.

Solution:

Given: Effort (P) = 120 N ; Velocity ratio (V.R.) = 18 and efficiency (n) = 60% =06

Load lifted by the machine,
Let W = Load lifted by the machine

W w
We know that M A=—=—
P 120
MA W W
and efficiency, 0.6=—= =
y VR 120x18 2160

W=06=2160=1296 N

Law of the machine

In the second case, P =200 N and W = 2600 N

Substituting the two values of P and W in the law of the machine, ie, P=mW+C
120=m=1296+C............00

200=m=2600+C..............[H)

Subtracting equation (i) from (ii).

B0=1304m

m=0.06

and now substituting the value of m in equation (ii)
200=(006=2600)+C=156+C

C=200-156=44

Now substituting the value of m = 0.06 and C = 44 in the law of the machine,
P=006W+44

Effort required to run the machine at a load of 3.5kN

Substituting the value of W = 3.5 kN or 3500 N in the law of machine
P=(006=3500)+44 =254 N

Q.5.4. A simple wheel and axle has wheel and axle of diameters of 300 mm and 30 mm
respactively. What is the efficiency of the machine, if it can lift a load of 800 N by an affort
of 100 N.

Solution:Given; Diameter of wheel (D) = 300 mm; Diameter of axle (d) = 30 mm; Load lifted by
the machine (W) = 900 N and effort applied to lift the load (P)= 100 N

We know thal velocity ratio of the simple wheel and axle,

200

2 =2,
VR =} =—=10

Qo
and mechanical advantageM Ai: Sl




- Jutput _MA 9% -
Efhciency n Input VR -J—H_&g 0%

Q.55 In a single purchase crab winch, the number of teeth on pinion is 25 and that on
the spur wheel 100. Radii of the drum and handle are 50 mm and 300 mm respectively.
Find the afficiency of the machine and the effect of friction, if an effort of 20 N can lift a
load of 300 N.

Solution.Given: No. of teeth on pinion (T2) = 25,

No. of teeth on the spur wheel (T1) = 100;

Radius of drum (r) = 50 mm;

Radius of the handie or length of the handle ([) = 300 mm;

Effort (P) = 20N and load lifted (W)= 300 N
We know that velocity ratio,
_Distance travelled by theEffort  _1 Ty _

Distance travelled by theload r

Effect of frickon
W 300

Py = Effort Losl in Inction =Px-— = 20 x—=7.0N
VR 24

W,=Load Lost in fricion= (PxV R}-W= (20x24)- 300=180N

It means that if the machine would have been ideal (i.e. without friction) then & could kft an extra
load of 180 N with the same effort of 20 N. Or it could have required 7.5 N less force to Iift the
same load of 300 N

Q.56 In a double purchase crab winch, teeth of pinions are 20 and 25 and that of spur
wheels are 50 and 60. Length of the handle is 0.5 metre and radius of the load drum is

0.25maetre. If efficiency of the machina is 0%, find the effort required to lift a load of 720
M.

SolutionGiven; No. of teeth of pinion (T2) = 20 and (T4) = 25;

No. of teeth of spur wheel (T1) = 501 and {T3) = 60;

Length of the handle (1) = 0.5 m; Radius of the load drum (r) = 0.25m;
Efficiency (n) = 60% = 0.6 and load lo be lifted (W) = T20 N.

Let P = Effort required in newton to lift the load.

We know that velocity ralio

_Distance travelled by theEffort 1

] X Ty
r T;l

Distance travelled by the load 4




W_720
_]—:‘- Il
_MA_ 720/P_ 60

| i

YR 12 P
P=100N

Q.5.7 A screw jack has a thread of 10 mm pitch. What effort applied at the end of a handle
400 mm long will be required to lift a load of 2 kN, if the efficiency at this load is 43%.
Solution Given: Pitch of thread (p) = 10 mm,

Length of the handle (1) = 400 mm;

Load lifted (W) = 2 kN = 2000 N and efficiency (n) = 45% = 0.43.
Let P = Effort required to Iift the load.
We know that velocity ralio

VR.

_Dist.1|1rr'1r.|1.'1']|rc! h'.l,' theEfort _2rl _ 2mad00_

2513
Distance travelled by theload p 10

We also know that efficiency,
0 45_HJ‘|. _2000/P _7.96

VR 213 F
P=17.7TN

Q.58 A worm and worm whaal with 40 testh on the worm whael has affort wheel of 300

mm diamater and load drum of 100 mm diameter. Find the efficiency of the machine, if it
can lift a load of 1800 N with an effort of 24 N,

Solution :Given: No. of teeth on the worm wheel (T) = 40

Diameter of efforl wheel(D) = 300 mm

Diameter of load drum = 100 mm or radius (r) = 50 mm

Load lifed (W) 1800 N and effort{P) = 24 N

We know that velocity ratio of worm and worm wheel
DT 300x40 _

VRE— = ——=
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CHAPTER 6: DYNAMICS
LEARNING OUTCOMES
On completion of the subject, the student will be able o

» Understand Newton's laws of motion and its significance
Understand and apply the equafions of mofion to solve problems
Explain O’ Alembert's principle and apply to solve problems
Understand the concept of work, enargy and power
Define momentum and impulse and derive their relation
Explain the law of conservation of linear momentum and law of conservation of energy
Understand and apply Newlon's law of collision and coefficient of restilution for elastic
bodies

6.1 KINEMATICS AND KINETICS

KINEMATICS: It is that branch of Dynamics, which deals with mobon of bodies without
considering the forces causing motion

KINETICS: It is that branch of Dynamics, which deals with motion of bodies and the forces
causing the motion. It predicts the type of motion by a given force system

PRINCIPLES OF DYNAMICS:

NEWTON'S LAWS OF MOTION

(a) First Law of motion: It states, “Everybody continues in s state of res! or of uniform
motion In a straight line, unless compelied by some external farce 1o change that state”.

This law can also termed as law of inertia.

(b) Second law of motion: It states,The rale of change ol momentum is directly
proportional to the impressed force and takes place in the same direction in which the
impressed force acts

|l relates to the rate of change of momentum and the external force
Let, m= mass of the body
U= Inibal velocity of the body
v=final velocity of the body
a= constant acceleraion
t= time in seconds in which the veloGty changes fromutov
F= force that changes the velocity from u to vin t seconds
For the body moving in straight line,
Irwtial momentun = mu
Final momentum = my

V=i miv=u)
E 1

Rate of change of momentum = = ma

=11

Where e a
According to Newton's Second law of mation;




Rate of change of momentum aimpressed force
3 Fama
= F=k x ma
Where k= a constant of proporionality
If a unit force Is chosen to act on a unit mass of 1kg lo produce unit acceleration of m/s’
then, F=ma= Mass X Acceleration
The SI unit of force is Newton, briefly written as N

(c) Third law of molion: It states,” To every action, there is always an equal and opposite
reaction”
I a body exerts a force P on another body, the second body will exert the same force P on the
first body in the opposite direction. The force exerted by first body is called action where as the
force exerted by the second body s called reaction.

MOTION OF PARTICLE ACTED UPON BY A CONSTANT FORCE

Fig 6.1
The motion of a particle acted upon by a constant force is governed by Newton's second [aw of

mation
If a constant force, F= ma is applied on a particle of mass 'm’, then the particle will move with a
uniform acceleration ‘a’,
EQUATIONS OF MOTION
Let, u=initial velocity of the body
v= linal velocity of the body
5= dislance traveled by the body in motion
a= acceleration of the body
t= ime taken by the body
~The equations of motion are:
v=u+al
'5=u!*;af-
V- u'=2as

0" ALEMBERT'S PRINCIPLE

It states, “If a rigid body is acted upon by a system of forces, this system may be reduced fo a
single resultant force whose magnitude, direction and the line of action may be found out by the
méthods of graphic statics.”

Let, P= resultant of number of forces acling on a body of mass m

This resultant (P) will move the body with an acceleration(a) in its own direction,

Wehave, P=ma .................(1)




The body will be at rest if a force equal to ma is applied in reverse direction. Hence, for dynamic
equilibrium of the body, the sum of the resultant force and the reversed force will be equal to
2era,

Pemaal......ccounld)
The force (-ma) is known as inerba force or reversed effective force. Equation 1 is an equation
of dynamics where as equation 2 is an equation of statics, Equation 2 is known as the equation
of dynamic equilibrium under the action of P, This principie is known as [° Alembert's principle
RECOIL OF GUN
According to Newton's third law of motion, when a bullet is fired from a gun, the opposite
reaction of the bullet is known as the recoil of gun
Let, M= mass of the gun
V = Velocity of the gun with which it recoils
m = mass of the bulket
v = velocity of the bullet after firing
Now. momentum of the bullet after fining = mv
Momentum of the gun = MV
Equating equations (1) & (2) we get,
my = MV
This redation is known as law of Conservation of Momentum.

6.2 WORK

When force acts on a body and the body undergoes some displacement, then work is said 1o be
done. The amount of work done is equal to the product of force and displacement in the
direction of force,

Let, P =Tforce acting on the body

and s = distance through which the body moves

Then work done W=P x5

Sometimes the force and displacement are not colinear

In such a case, work done is expressed as the product of the component of the force in the
direction of motion and the displacement,

Hence, work done W =P cosf x5

Il 6 = 90°, cos 6 = 0 and there will be no work done Le. If force and dsplacement are at nght
angles to each other, work done will be zero

Similarly, work done against the force is taken as negative

When the point of application of the force moves in the direction of mobon of the body, work is
said to be done by the force

Work done by the force is taken as +ve,

As work is the product of force and displacement, the units of work depend upon the unils of
force and displacement. Work Is expressed in N-m of KN-m.

One Newton-meter is the work done by a force of 1N in moving the body through 1m. It is called
Joule, 1J= 1 N-m . Similarly, 1 Kilo Newton-meter is the work done by a force of 1 KN in maving
a body through 1m It is also called kilojoules. 1KJ = 1 KN-m




POWER

Power is defined as the rate of doing work.

In Sl units, the unit of power is wall (bnefly written as W) which is equal to 1 N-m/sor 1 Jisltis
also expressed in Kilowatt (KW), which is equal to 10° W and Megawatt (MW) which is equal to
10°W. In case of engines, the following two terms are commonly used for power

INDICATED POWER: It is the actual power generated in the engine cylinder

BRAKE POWER: Itis the amount of power available at the engine shaft

Efficiency of engine is expressed as the ratio of brake power to the indicated power.

It is also called Mechanical efficiency of an engine

BP
Mathematically, efficiency.n =r—P

ENERGY
Energy may be defined as the capacity for doing work
Since energy of a machine (s measured by the work it can do, therefore unit of energy is same
as that of work,
In 5.1 system, energy s expressed in Joules or Kilojoules.
There are two types of mechanical energy
1.POTENTIAL ENERGY: It is the energy possessed by a body by virtue of its position
A body at some height above the ground level possesses potential energy. If a body of mass
(m) i raised 1o & height (h) above the ground level, the work done in raising the body is
= Weight of the body = distance through which it moved
= I:lTlﬂ:l xf = mﬂh
This work (equal to mgh) is stored in the body as potential energy.
The body, while coming down to its original level, can do work equal to mgh
Potential energy is zero when the body is on the earth
2 KINETIC ENERGY: It i5 the energy possessed by a body by virtue of its motion. We can
measure kinetic energy of a body by finding the work done by the body against external force 1o
stop it
Let, m= Mass of the body
u= Velocity of the body al any instant
P= External force applied
a=Constant Retardation of the body
5= distance travelled by the body before coming to rest
As the body comes lo rest its final velocity v = 0
and work done, W = Force = Distance =P x 5
Now substiluting value of (P = m.a) in equation (1),
W=ma = 5 =mas
But, v'-u’s -2as (for retardation)
0-u'=-2a8
u’= 2as

I =
a€-=:u'

Now Lsd:nshl.uhng value of (8.s) in equation (2} and replacing work done with kinetic energy




1
Kinetic energy KE =-mu”

1 4
Ifinitial velocity is taken as v instead of u then KE = -mv’

6.3 MOMENTUM AND IMPULSE
MOMENTUM: It is the product of mass and velocty of a body. It represents the energy of
motion stored in a moving body.
If. m = mass of a moving body in kg

v = velocily of the body iIn m/sec,
. Momentum of the body = mv  kg-m/sec
IMPULSE: It is defined as the product of force and time during which the force acts on the body.
According fo the second law of motion,

F = ma
dv d mv=imu

=3 F=m.m~= ﬁmv} = : T oy
where, v = Final velocity
u = Iniial velocity
We have mu = momentum of the body at the beginning of molion
mv = momentum of the body after time t
From equation (1), we see that change in linear momentumper unit time is directly proportional
to the external force or applied force and takes place in the direction of force.
APt my=mu PRERNIRIPE. & |
=mv - u)
Hence, Impulse, I=F=t=mv-mu
i.e. impulse is equal to change in momentum
Equation (2) is known as impulse — momentum refation

LAW OF CONSERVATION OF LINEAR MOMENTUM

It stales that “the total momentum of two bodies remains constant after their collision or any

other mutual action.

And no external forces act on the bodies, the algebraic sum of their momantum along any direction
15 constant

Momenlum along a straight line is called linear momentum

O~ O GO O O-

Fig6.2
If a body of mass my moving with velocity u, collides with another body of mass m; moving with
?EID!:IW Uz
Let v; and v, be the velocities of the bodies after collision.
We have: total momentum before collision = myu; + mau;
Total momentum after collision = m v, + may;




Now, according 1o the law of conservation of linear momentum,
“.Momentum before colision = momentum after collision
> MMl # Mol = MaVy + MoV
LAW OF CONSERVATION OF ENERGY
It states that * The energy can neither be created nor destroyed, though it can be transformed

from one form into any of the forms, in which the energy can exst.”
Suppose a body of mass ‘m' is al a hexght "h'dropped on the ground from A
Consider the ground level as the datlum or relerence level and other positions

oft andCof the same body at varios times of the fall

Total energy of the body at these paints (A.B.C)
Energy at A

At A the body has no velocity, therefore kinetic energy at A=0
And potential energy at A =mgh
- Total energy at A=mgh

Energy at B

At B, the body has fallen through a distance (y). Therefore velocity of the body at B

=Jﬁ
mv? m(,2gy)’

+ Kinetic energy at B =——= “f’” = mgy
and potential energy atB=mg (h=y)
~Tolal energy at B = mgy + mg (h - y) = mgh
Energyat C

At C, the body has fallen through a distance (h). Therefore velocity of the body at C
1.'%
mv* Inl[ [2gh)}

RS

~» Kinetic energy al C'

and potential energy at C 0

~ Total energy at C = mgh B . |
It shows that in all posibons, the sum of kinetic and potential energiesof a !:II:I'ﬂ}.r remains
constantunder the action of gravity.




COLLISION OF ELASTIC BODIES

Collision means the interaction or the contact between two bodies for a short penod of time. The
bodies produce impulsive forces on each other dunng collision

The act of collision between two bodies that takes place in a short period of time and during
which the bodies exerl very large forces on each ofher, is known as impacl

The bodies come to rest for 8 moment immediately after collision. During the phenomenaon of
collision, the bodies tend to compress each other,

The bodies tend o regain their actual shape and size after impact, due to elasticity, The process
of getting back the original shape is called restitution

The time of compression is the time taken by the two bodies in compression, immediately after
collision and the time of restitution is the time of regaining the onginal shape after collision, The
penod of collision is the sum of the time of compression and restitution.

NEWTON'S LAW OF COLLISION OF ELASTIC BODIES AND COEFFICIENT OF
RESTITUTION

Mewton's [aw of collision of elastic bodies states that “when two moving bodies collide with each
other, their velocity of separation bears a constant ratio to their velocity of approach”.

Let us consider two bodies A and B of masses m; and m; respectively move along the same
line and produce direct impact

Lel uy = initial velocity of body A

Uy = initial velocity of body B

v, = final velocity of body A after collision

v; = final velocity of body B after collision
The impact will take place when u.> u;
Hence the velocity of approach = u,-u;
After impact, the separalion of the two bodies will lake place If v.> v,
Hence the velocity of separation = v, - v,
According to Newton's law of Collision of Elastic bodies,

(Vs =vi) o (Us=Ug)

={¥=vi) = e (U=
where, & = a conslant of proportionality known as coefficient of restifution.
The value of e’ lies between 0 and 1. If & = 0, it ndicates that the two bodes are inelastic. If
e=1, itindicates that the two bodies are perfectly elastic.

DIRECT COLLISION OF TWO BODIES
Consider two bodies A and B having a direct impacl
Let, m, = Mass of the body A

uy = Initial velocity of body A
v = Final velocity of body A
i, Uy, Vs = Comespanding values for the body B




2 : Line of
C, B C. iimpact

' [.i
Point of

contact
Fig6.4

According fo law of conservation of linear momentum, we have,
ﬂ‘tﬂ.l- * i'ﬂ-,l.l;- = ITI1'I|T| + m:'lp'L.

DIRECT IMPACT OF A BODY WITH A FIXED PLANE
I one body Is at rest initially. then such a collision is called direct impact
Consider direct impact of a body with a fixed plane
Let, u=initial velocity of the body
v = final velocity of the body
e = coefficient of restitution
Here, the velocity of approach is 'u’ and velocity of separation is v’
According to Newton's law of elastic bodies, we have,
velocity of separations velocty of approach
=Vt U
=V =8l

EXAMPLES

EXAMPLE 6.1: A body of mass 10 kgis moving with a velocity of 2 m/sec. If a force of 20N
is applied on the body, determing its velocity after 2 seconds.
Solution: Given, Mass of the bodym = 10 kg

Velocity of the body u = 2 m/sec

Force F = 20N

F _20
Acceleration of the body, a = = =ﬁ = 2 misec

Velocity of the body after 2 seconds,
v=u+al
=2+(2x2)
= b misec

EXAMPLE 6.2 A vehicle of mass 500kg, is moving with a velocity of 25 misec. A force of
200 N acts on it for 2 minutes. Find the velocity of the vehicle :

(a) When the force acts in the direction of the motion, and

{b) Whan the force acts in the opposite direction of the motion.




Solution: Given, Mass of the body m = 300kg
Initial velocity of the body, u = 25 misec
Force F= 200N
Time (1) = 2 min = 120 seconds
200 .
(a) Acceleration of the vehicle, a i =ﬁ= 0.4m/sec
Velocity of the vehicle after 120 seconds.

v, =u+at

=25+ (0.4=120)
= 13 misec
(b) Here, acceleration of the vehicle, a = - 0.4 m/sec’
Velocity of the vehicle after 120 sec,
v=u+at
=25+ (-0.4 = 120)
= . 23 m/sec (Minus sign indicates vehicle s moving in reverse direction)

EXAMPLE 6.3'A man of mass 100 kg dives vertically downwards into a swimming pool
from a tower of height 30 m. He was found to go down in water by 3 m and then started
rising. Find the average resistance of the water. Neglect the resistance of air.

Solution. Given : Mass of the man (m) = 100 kg and height of the tower (s) = 30 m

Consider the motion of the man from the top of the tower to the water surface

Here, initial velocity (u) = 0 (as the man dives) and distance covered (5) = 30 m

Let v = Final velocty of the man when he reaches the water surface

Mow v=u+2g5=(0) +2 =981 =30

mE w‘ﬁhﬂd 2emis

Now consider motion of the man from the water surface up to the point in water from where he
slarted rising.

In this case, initial velocity (u) = 24.26 m/s ; final velocity (v) = 0 (as the man comes 1o restjand
distance covered (5) =3 m

Let a = Retardation due fo water resistance

Nowyv' = u° + 2as

0=(24.26)" - 2a x 3 = 588.6 - 6a.. (Minus sign due 1o retardation)

S88.6 ;
A= = 98 1m/s’

i
and average resistance of the water,
Fzma=100=98.1=0810N

EXAMPLE 6.4: Two bodies A and B of mass 80 kg and 20 kg are connected by a thread
and move along a horizontal plane under the action of force 400 N applied to the firsi
body of mass 80kg. The coefficient of friction between the sliding surfaces of the bodies
and the plane is 0.3, Determine the acceleration of the two bodies and the tension in the
thread using D' Alembert's principle.

Solution: Given, Mass of body A (my) = 80kg




Mass of body B(m,) = 20 kg
Force applied on first body(P) = 400 N
Coefficient of friction( W) = 0.3
Let us consider the first body.
Rs

!

l

m,=80kg

Let us consider the first body,
Let, T = tension in the thread
Ri=m, g=80=381=TB4 N
Fi=p.Ry=03x784=2352N
Resultant horizontal force P =400-T -F, =400-T - 2352 = 164.8 - T (lowards left)
Force causing acceleration to first body, =m. a=80a
As per D, Alembert's principle, P,-ma=0
=1648-T-80a=0

»T=164.8 - 80a {1

Considering the second body,
R:=mxg=20=9.81=196N
F; = p. Ry = 0.3 = 196 = 58.8 N{towards right)
Py=T-F;=T-588
Ferce causing acceleration io the second body = m,a=20a
Now, as per D. Alembert's principle,

P;-=m.a=0

>T-588-20a=0
=>T=888+208 ...............2)
Equating equations (1) and(2) we get,
1648-80a=588+20a
= 100 a =106

Tension in the thread
Substituting the value of a in equation (2), we gel
T=588+20a
= 58,8 + (20 = 1.06)
=80 N




EXAMPLE €.5:A man weighing 730 N stands on the floor of a lift. Find the pressure
exerted on the floor when (a) the lift moves upwards with an acceleration of 3 m/sec’ and
(b) the lift moves downwards with an acceleration of 3 misec’,

Solution: (a) Dynamic equilibrium can be obtained by applying inertia force (ma) in downward
direction

Motion

i

ml
Lift
M

Now, T-ma-W=0
w 750
T=ma+W=ma+mg= —:a+g}=q—ﬁ[3 +981)=9793578 N
B )

{b) Dynamic equilibrium can be oblained by applying the inertia force (ma) in upward direction.
T+ma-mg=0
> T=mg-ma

y g
750
= m{ﬂ.m -3)
= 52064 N
= Tension in the cable supporting the lift
= Reaction of the lift
= the pressure exeried by the man on the fioor of the It

Fig 6.8

EXAMPLE 6.6:A bullet of 10 gm mass is fired horizontally with a velocity of 1000 m/sec
from a gun of mass 30 kg. Find, (a) velocity with which the gun will recoil, and
(b) force necessary to bring the gun to rest in 250 mm.
Solution: Given, m=10gm=0.01kg
v = 1000 m/s
M=50kg
(a) We have, mv =MV

0.01=1000=50=Y




=V = 0.2 misec = Velocty of the recoil
(b) Initial velocity of the gun {u) = 0.2 m/s
Final velocity of the gun (v} =0
Here, 5=250mm=025m
Wehave, v -u"=2as
= 0F= (0.2) = -2 =a=() 25(retardation)
= a=008 m'sec’
F=Ma=50=008=4N
EXAMPLE 6.7: A body of mass 100 kg is moving at a speed of 20 m/sec. if the body is 50
m above the ground level, calculate the potential energy and kinetic energy of the body.
Solution: Given, m=10kg
v = 20 m/sec
h=50m
Potential energy = mgh = 100 =9.81 =50 = 49050 J = 49.050 KJ
Kinetic energy = -my" = ;_ «100 *20° = 20000 J = 20 KJ
EXAMPLE 6.8: A body of mass 50 kg was dropped vertically into water from a height of
25 m. The body moved down into the water by 2 m and then stanted rising. Estimate the
average resistance of water.neglecting the resistance of air.
Solution:  Given, m=50kg
h=20m
Let, P =average resistance of water
Potential energy of the body before dropping into water = mgh = 50 =981 =25 = 12262.5 N-m
Work done by average resistance of water = Average resistance of water = Depth of the water
=P x2=22PNm
Total potential energy of the body = Work done by average resistance of water
= 122625=2P
= P=6131.25N

EXAMPLE €.9: The kinetic energy of a body is 2500 KJ corresponding to a velocity of
100 m/sec. Estimate the loss in kinetic energy when its velocity is reduced to 450 m/sec,
Solution:Given : K E, = 2500KJ = 2500x10° J

vy = 700 m/sec

v; = 450 m/sec
Let, m=mass of the body
The K_E of the body corresponding to a velocity of 700 m/sec is given by:

KE; = mv,’ = -m (700)’

But2500 *10" =m (700)

—m=10.2kg

When the velocity is reduced to 450 m/s, its KE is given by,
KE; =5mv;’ = 2 » 10.2 (450)" = 1032750 J = 1032.75 KJ




Mow, loss in KE = KE, - KE;
= 2500 - 1032.75 = 146725 KJ

EXAMPLE 6.10; A ball of mass 2 kg moving with a velocity of 2 m/s hits directly on a ball
of mass 4 kg at rest. The first ball, after impinging, comes to rest. Find the velocity of the
second ball after the impact and the coefficient of restitution,

Solution:Given, Mass of first ball (m,) =2 kg

Initial velocily of first ball (uy)= 2 mis

Mass of second ball (m;}= 4 kg.

Initial velocity of second ball {u;) =0{as Il Is at rest)

final velocity of first ball after impact (v,}=0 (as, it comes lo rest)

(a)Velocity of the second ball after impact.

Let v; = Velocity of the second ball alter impacl.

According to law of conservation of energy,

Ml + Ml = MV + MV

=2 2+4x0=2=0+4xv,

=4 +0=0+4dv;

= = 4y
- v: = 1 misec

(b) Coefficient of restitution
Let e = Coefficient of restitution.
According to the law of collision of elaslic bodies,
vy =vy) = e (U =uy)
(1-0)=e(2-0)

EXAMPLE €.11: A ball overtakes another ball of twice its own mass and moving with ?5 of

its own velocity, If the coefficient of restitution between the two balls is 0.75, show that
the first ball will come to rest after impact.
Solution: Let, Mass of the first ballim,) =M kg
Mass of the second ball (m;)= ZM kg
Initial velocity of first ball (u;) =U

u
Initial velocity of second ball (us) = 2

coeflicient of restitution(e) = 0.75

Let v, = Velocity of the first bail after impact, and
vy = Valocily of the second ball alter impact
According to the law of conservation of momentum
MUy + Mgty = MV + Mo

MU# 2Mx m= M, + 2,




aMu
'“-T = Mv; + 2Mv;

ol
:::~T='.". + 2v; i 1)

According to the law of collision of elastic bodies,

U4l

{v; = vaL]] =@ (U -u:) =075 (U ?3 R
1

iy Ee—iy
C 14

Putting this value of v.in equation (1) we get,

U 9l
Tt E(ﬁﬂr.}
gl gl
Z'T= 3'-“*7
vi=0
Thus the first ball will come o rest after impact

EXAMPLE 6.12:A ball is dropped from a height hy; = 1 m on a smooth floor. Knowing that
the height of the first bounce is h; = 81cm, determine
(a) coefficient of restitution, and
(b) expected height h; after the second bounce.
Solution:Height from which the ball is dropped (he) = Tm
and height to which the ball rose after first bounce (hy) = 81 cm. = 0.81 m.
(a) Coefficient of restitution
Let e = Coefficient of restitution.
The velocity with which the ball impinges on the floor,
u= %Eg_h :{@ :\I-'Em:‘sgg
and velocity with which the ball rebounds,
v=/2gh,=,/2gx0.81 =09,/ 2gmisec
The velocity with which the ball rebounds (v)
09,/29=¢,2g
- iR
(b) Expected height after the second bounce
Let hy = Expected height after the second bounce
The velocity with which the ball impinges second time,
u=09,2gmisec
and velocity, with which the ball rebounds,

v=/2gh,
The velocity with which the ball rebounds second time (v)

J/20h;=eu =0.9x0.9,/2g =0.81,2g

~2gh;=(0.81)" x2g =0.656x2g
~h,=0.656m




